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Abstract 

, According to Kim, Peris and Song, a continuous linear operator T on a complex Banach space X is 

' called numerically hypercyclic if the numerical orbit {/(r"a;) : e N} is dense in C for some x e X and 

fSJ , / e X* satisfying ||x|| = ||/|| = f{x) = 1. They have characterized numerically hypercyclic weighted 

shifts and provided an example of a numerically hypercyclic operator on . 
^ , We answer two questions of Kim, Peris and Song. Namely, we construct a numerically hypercyclic 

pLn ' operator, whose square is not numerically hypercyclic as well as an operator which is not numerically 

hypercyclic but has two numerical orbits whose union is dense in C. We characterize numerically 
hypercyclic operators on as well as the operators similar to a numerically hypercyclic one and those 
operators whose conjugacy class consists entirely of numerically hypercyclic operators. We describe in 
spectral terms the operator norm closure of the set of numerically hypercyclic operators on a reflexive 
Banach space. Finally, we provide criteria for numeric hypercyclicity and decide upon the numerical 
hypercyclicity of operators from various classes. 
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1 Introduction 



> 

^2 I Throughout this article X stands for a Banach space over the field C of complex numbers, while S{X) = 
' {x e X : \\x\\ = 1} and B{X) = {x e X : \\x\\ ^ 1}. As usual, M is the field of real numbers, M+ is 

CN ' the set of non-negative real numbers, D = {z e C : \z\ < 1} , T = {z e C : \z\ = 1}, Z_|_ is the set of 
CN . non-negative integers and N is the set of positive integers. If M is a finite or countable set, the symbol 
I £^{M) stands for the set of sequences in £^{M) whose entries are all non-negative real numbers. We say 
that zi, . . . ,Zk e T are independent if . . . z™'' 1 for every non-zero vector m e . Equivalently, 
Zj = e*^^' with 6j e M are independent if and only if tt^Oi, . . . ,9^ are linearly independent over the field 
Q of rational numbers. It is well-known and easy to prove that zi, . . . ,Zk e T are independent if and 
r> ■ only if the set {{z^, . . . ,z^) : n e Z+} is dense in T*^. Recall that a sequence {e„}neN in X is called a 

Schauder basis in X if every x e X can be uniquely written as x = ^ c„x„, where c„ e C and the 

n=l 

series is norm-convergent. The functionals e* : X ^ C, e*(x) = Cn are automatically continuous and 
are called the coordinate functionals of the Schauder basis {en}neN- Obviously, e*(efc) = Sn,k for every 
n,k e N. A sequence {e^lnsN in X is called a Schauder basic sequence if {enjnsN is a Schauder basis in 
the closed linear span of the set {e„ : n e N}. The symbol L{X) stands for the space of bounded linear 
operators T : X X and X* is the space of continuous linear functionals f : X ~> C For T e L{X), 
the dual operator T* e L{X*) acts according to the formula T*f{x) = f{Tx). For T e L[X)^ cr{T) 
stands for the spectrum of T, while <Jp{T) denotes the point spectrum of T. Recall that T e L{X) is 
called semi-Fredholm if T{X) is closed in X and either X/T{X) or kerT (or both, in which case T is 
called Fredholm) is finite dimensional. The number i(r) = dim kerT — dimX /T[X) e Z u {-co, +cx)} is 
called the index of T. Note that the set of semi-Fredholm operators is norm-open in L{X) and that the 
index function i is locally constant. Recall that A e C is called a normal eigenvalue of T e L(X) if A is 
an isolated point of a{T) and the spectral projection corresponding to the clopen subset {A} of a"(T) has 
finite rank. This rank is called the multiplicity of the normal eigenvalue A. 
Recall that x e X is called a hypercyclic vector for T e L{X) if the orbit 

0{T,x) = {r"x : n e Z+} 



is dense in X. Similarly, x e X is called a weakly hypercyclic vector for T e L[X) if 0(T, x) is dense in X 
with respect to the weak topology. An operator T, which has a hypercyclic vector is called hypercyclic, 
while an operator T, which has a weakly hypercyclic vector, is called weakly hypercyclic. For more 
information on hypercyclicity see the books [21 1^ and references therein. Recall also that T e L[X) is 
called power bounded if sup{||r"|| : n e N} < oo. Unless stated otherwise, we assume that C" carries 
the standard Euclidean norm. We shall routinely identify an operator T e L(C") with its matrix. For 
instance, a diagonal operator on C" is an operator whose matrix is diagonal. The same agreement stands 
for operators on classical sequence spaces. 

1.1 The main concept 

For T e L{X) and (x, f)eXx X* , the numerical orbit of (x, /) is the set 

0(r, X, /) = /(0(T, x)) = {/(r"x) : n e Z+} cz C. 

Note that numerical orbits are also known as weak orbits, see [I] and references therein. The following 
definition, motivated by the concept of the numerical range of an operator, was introduced by Kim, Peris 
and Song [TO], see also [llj for the generalizations to polynomials on Banach spaces. 

Definition 1.1. Let 

U{X) = {(x,/) e X X X* : ||x|| = ||/|| = /(x) = 1}. 

We say that (x, /) e n(X) is a numerically hypercyclic vector for T e L{X) if the numerical orbit 
0(T, X, /) is dense in C. An operator T is called numerically hypercyclic if it has a numerically hypercyclic 
vector. We use the symbol NH{X) to denote the set of all numerically hypercyclic operators T e L{X). 

The following proposition collects some elementary observations made in |10] . 

Proposition 1.2. Let T e L{X). 

• If T is power hounded, then it is not numerically hypercyclic. 

• If T is weakly hypercyclic, then it is numerically hypercyclic. 

• If the restriction of T to a closed invariant subspace is numerically hypercyclic, then so is T. 

• IfTis numerically hypercyclic, then T* is numerically hypercyclic. In particular, if X is reflexive, 
then T is numerically hypercyclic if and only if T* is. 

• If X is a Hubert space, then T is numerically hypercyclic if and only if there is x e S{X) such that 
{{T"x,x) : n e Z+} is dense in C, where (•, •) is the inner product of X. 

The last observation is due to the fact that if ?^ is a Hilbert space and x e 3(1-1), then the only 
functional / e S(T-L*) satisfying /(x) = 1 is given by /(y) = {y, x). Thus in this case the numerical orbits 
featuring in the definition of numeric hypercyclicity are naturally labelled by the elements of S(l-L). If H 
is a Hilbert space and T e L{'H), we use the following notation: 

NO{T,x) = {<T"x,x> : n e Z+} for x e SiU). 

Recall that forward F^j and backward weighted shifts on P'{'L+) act according to the rule 

(xo,xi,X2, . . . ) ^{G,wiXo,W2Xi, ...) and (xo,xi,X2, . . . ) ^{wiXi,W2X2, ■■■), where w = {wn}neN is a 
bounded sequence of non-zero scalars. A bilateral weighted shift on iP{Z) is defined by (Tu,x)n, = 
Wn+iXn+i, where again w = {wn}nez is a bounded sequence of non-zero scalars. The main results of [lU] 
can be summarized as follows. 

Theorem KPSl. There is a diagonal numerically hypercyclic operator on C^. Consequently, there is a 
numerically hypercyclic operator on C" for every n ^ 2. 

Theorem KPS2. Let 1 < p < cc and T be a backward or forward weighted shift on ^^(N) or a bilateral 
weighted shift on £P{Z). Then T is numerically hypercyclic if and only ifT is not power bounded. 



Remark 1.3. Theorem KPS2 is not exactly what is stated in [lUj . Namely, the corresponding results 
in [To] provide a condition on the weight sequence equivalent to the numeric hypercyclicity. For bilateral 
weighted shifts the authors notice that this condition is equivalent to the operator being not power 
bounded, while saying nothing for unilateral shifts. However upon reflection, one can readily see that 
this condition is again equivalent to the operator being not power bounded. Furthermore in the case of 
unilateral backward shifts the same condition is equivalent to hypercyclicity. One has just co compare 
it to the characterization of Salas [15] of hypercyclic backward shifts. On the other hand, there are no 
hypercyclic forward shifts and there are non-hypercyclic bilateral shifts, which are not power bounded. 

Recall that T e L{X) and S e L(Y) are called similar if there is an isomorphism (in the category 
of topological vector spaces) J : X ^ Y such that J~^SJ = T. Note that hypercyclicity and weak 
hypercyclicity are similarity invariants, while the numeric hypercyclicity is not (below we provide plenty 
of examples substantiating the last claim). This prompts us to consider the following concepts. 

Definition 1.4. We say that T e L{X) is weakly numerically hypercyclic if T is similar to a numerically 
hypercyclic operator. We say that T e L{X) is strongly numerically hypercyclic if every operator similar 
to T is numerically hypercyclic. We denote the sets of weakly numerically hypercyclic operators and of 
strongly numerically hypercyclic operators on X by the symbols WNH{X) and SNH{X) respectively. 

The following elementary proposition characterizes weak numeric hypercyclicity. 

Proposition 1.5. Let T e L{X). Then T is weakly numerically hypercyclic if and only if there exist 
X e X and f e X* such that 0(T, x, f) is dense in C. 

Proof. The 'only if part is obvious. Let x e X and / e X* be such that 0{T, x, f) is dense in C. It 
remains to show that T e WNH{X). Replacing x by T"x for an appropriate n 6 N and normalizing, we 
can without loss of generality assume that ||x|| = f{x) = 1. Let D = {x e X : \x\ ^ 1, |/(x)| ^ 1} and 
II ■ 111 be the Minkowski functional of D. Since D is bounded and contains a neighborhood of in X, || • ||i 
is a norm on X equivalent to the original norm || • ||. It is easy to see that ||x||i = ||/||i = f{x) = 1, where 
||/||i is the norm of / as a functional on the normed space Xi = (X, || • ||i). Thus (x,/) e n(Xi) and 
therefore (x, /) is a numerically hypercyclic vector for T acting on Xi. Since || • || and j| • ||i are equivalent, 
T acting on X is similar to T acting on Xi. Thus T is weakly numerically hypercyclic. □ 

According to Feldman [4], T e L{X) is called 1-weakly hypercyclic if there is x e X such that 
f{0{T,x)) is dense in C for each non-zero / e X* . Of course, every weakly hypercyclic operator is 1- 
weakly hypercyclic. We collect a number of straightforward consequences of Definition [L4l in the following 
proposition. The proof is elementary and is left for the reader as an exercise. 

Proposition 1.6. Let T e L{X). 

• If T is power bounded, then T ^ WNH {X) . If T is 1-weakly hypercyclic, then T e SNII{X). 

• If a restriction of T to an invariant closed linear suhspace is weakly numerically hypercyclic {res- 
pectively, strongly numerically hypercyclic) , then T is weakly numerically hypercyclic {respectively, 
strongly numerically hypercyclic). 

• IfTe WNH{X), then T* e WNH{X*). If additionally X is reflexive, then T e WNH{X) 
T* e WNH{X*) and T e SNH{X) T* e SNH{X*). 

1.2 Finite dimensional results 

The following two questions are raised in |10j . 

Question KPS3. Let T e NH{X). Is T"" numerically hypercyclic for every n e N? 

n 

Question KPS4. Let T e L{X) and there exist {xj,fj) e Tl{X) for 1 ^ j ^ n for which |J 0{T, xj, fj) 
is dense in C. Is T numerically hypercyclic? 



We answer both questions negatively. 



Theorem 1.7. There exists a diagonal T e NH{C^) such that i NH{C^). 

Theorem 1.8. There exist a diagonal T e L(C'^) and xi,X2 e 5(C^) such that T ^ NH{C^), while 
NO(T,xi) u N0(T,X2) is dense in C. 

The following two results are motivated by Theorem KPSl. They provide sufficient conditions of 
weak/strong numeric hypercyclicity in terms of the restriction to a finite dimensional invariant subspace. 

Theorem 1.9. Each of the following conditions is sufficient for the weak numeric hypercyclicity of 
Te L{X). 



(jl.9i ll There exist Ai,A2 e (^piT) such that |Ai| = IA2I > 1 and are independent in T. 

(jl.91 2) There are independent Ai, A2 e T such that ker (T — Ajl)^ 7^ ker (T — Xjl) for j e {1, 2}. 
(jl.9i 3l There exist Ai,A2, A3 e ap{T) such that |Ai| = IA2I > IA3I > 1, ^ has infinite order in the group T 
and 1^ are independent. 

([Ll4) There exist Ai,A2 e ap{T) and A3 e T such that ker (T - X^I)"^ ^ ker (T - A3I), |Ai| = IA2I > I, 
^ has infinite order in T and A3 are independent. 

Theorem 1.10. Each of the following conditions is sufficient for the strong numeric hypercyclicity of 
Te L{X). 

r n 

(If .foi l) There exist Ai, . . . , A„, e crp{T) and ci, . . . ,Cn e M+ such that I ^ cjX^ : k e Z+ > is dense in C. 

(If ■fUI 2) There exist Ai,A2,A3 e crp{T) such that |Ai| = IA2I = IA3I > 1 and are independent. 

In the Hilbert space situation we can refine the first two parts of Theorem If .91 

Proposition 1.11. Let H be a Hilbert space and T e L{T-i). Assume that there exist Ai, A2 e <^p{T) such 
that |Ai| = IA2I > 1, the eigenspaces ker (T — Ai/) and ker (T — X2I) are non- orthogonal and 
are independent in T. Then T e NH(7i). 

Proposition 1.12. Let T-L be a Hilbert space and T e L{T-i). Assume that there exist Ai, A2 e C such that 
ker (T — Aj/)^ 7^ ker (T — Xjl) for j e {1, 2}, |Ai| = IA2I ^ f and -p^, 1^ are independent in T. Then 
TeNH{n). 

We characterize NHiC"^), SNHiC"^), WNH{C'^) and WNH{C^). 

Theorem 1.13. Let T e L{C'^). Then T e WNH{C'^) if and only if a{T) = {Ai,A2}, where |Ai| = 
IA2I > f and are independent in T. Furthermore, T e SNH^C"^) if and only if a{T) = {Ai, A2} 

with {X'l + X^ : k e Z+} being dense in C. Finally, T e NH{C'^) if and only if either T e SNH{C^) or 
T e WNH{C'^) and T is not unitarily equivalent to a diagonal operator. 

Theorem 1.14. Let T e L{C^). Then T is weakly numerically hypercyclic if and only if either there are 
Ai, A2 e cr(T) such that |Ai| = IA2I > f and are independent in T or cr{T) = {Ai, A2,A3}, where 

|Ai| = IA2I > IA3I > f, ^ has infinite order in the group T and are independent in T. 

Remark 1.15. The above results provide easy explicit examples of numerically hypercyclic operators 
on C". For instance, applying Theorems \1.13\ Theorem 1 1 . 1 1 and Proposition [TTT2] respectively, we have 

/2e-iog2 1 X /2e-i°s2 q q x 

...logs eiV^(C2), 2e-i°s3 \eSNH{C')^NH{C^) 



and 



/ gi7rlog2 ^ 

Q givr log 2 
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e NH{C^). 



In relation to Theorem 11.131 it makes sense to mention the fohowing fact. 

Proposition 1.16. For every R > 1, ^{z^ui) e : + w^) : n e Z+} is dense in C} is a dense 

Gs-subset o/T^ of Lebesgue measure 0. 

Remark 1.17. Let {x,y} be a fixed linear basis in and i? > 1. For each {z,w) e T^, consider 
T = Tz^w £ given by Tx = Rzx and Ty = Rwy. By Theorem 11.131 and Proposition 11.161 for 

almost all {z,w) e in the Lebesgue measure sense, T^^w e WNH{€?)\NH{€?) if = and 

Tz,w £ NH {C'^)\SNH [C'^) if {x,yy ^ 0. In particular, there are numerically hypercyclic operators on 
which are not strongly numerically hypercyclic and there are weakly numerically hypercyclic operators 
on that are not numerically hypercyclic. 

Due to Leon-Saavedra and Miiller [12j, if T e L(X) is hypercyclic or weakly hypercyclic, then so is zT 
for each z e T. Moreover, Theorem KPS2 ensures that if a weighted shift T is numerically hypercyclic, 
then so is zT for each z e C satisfying \z\ ^ 1. In general, the scalar multiples of numerically hypercyclic 
operators do not exhibit this nice behavior even in the friendly realm of diagonal operators on C^. 

Proposition 1.18. For every T e L{C'^), there isweT such that wT ^ WNH{C'^). 
Proposition 1.19. For each z,w eT, M{z,w) = \r > I : (^^ ^ ] e NH{€?) \ is a Gs-subset ofR, 



rw, 

being either infinite or empty. There exist w,z e T such that M(z, w) is a dense Gs-subset of (1, go) and 
therefore is uncountable. For every w,z eT, M{z,w) has zero Lebesgue measure. 

By Proposition 11.191 not a sing le diagonal T e L{C^) satisfies rT e NH{C^) for each r > 1. 
1.3 Infinite dimensional results 

The following two theorems provide further sufficient conditions for weak/strong numeric hypercyclicity. 

Theorem 1.20. Each of the following conditions is sufficient for the weak numeric hypercyclicity of 
Te L{X). 

(|1.20i l) There is a sequence {zn}neN in crp{T) such that 1 < \zi\ < \z2\ < . . . 

(11. 201 2) There is r > 1 such that o'p(T) n rT is infinite. 

(11. 201 3) There is a cyclic vector x for T satisfying liminf '^"'iiKIii^^^ = 0. 

(jl. 201 41 There are x e X and an infinite set yl ^ N such that \\T^''x\\ — >a3 as n ^ cc, n e A and the sequence 
I }neA weakly convergent but is not norm convergent. 

The following examples show how to apply Theorem 11.201 

Example 1.21. I -\-V e WNH{L'^[0, 1]), where Vf{x) = f{t) dt is the classical Volterra operator. 

Proof. It is easy to verify (see, for instance, [3j) that ||T"|| — > cx) and = o(||r'"||), where T = I + V 

and g{x) = x for x e [0, 1]. Since g is a cyclic vector for T, (fr20l 3) is satisfied and T e WNH{L'^[0, 1]) 
by Theorem [OOl □ 

Example 1.22. Let a e C[0, 1] be non-constant and \\a\\ > 1. Then M e WNH{C[0, 1]), where M is the 
multiplication by a operator: Mf = af for f e C[0, 1]. 

Proof Let K = {t e [0,1] : \a{t)\ = \\a\\}. li K ^ [0,1], we can pick / e C[0, 1] such that K = {t s 
[0, 1] : f{t) = 0} and let X be the closed linear span of 0{M,f). It is easy to see that ||M"|^|1 = ||a||" 
for every n e Z+ and = o(||o||") as n ^ oo. Thus ()1.20I 3) is satisfied for and therefore 

M\^ e WNH{X). By Proposition [Ol M e WNH{G[0, 1]). It remains to consider the case K = [0, 1]. 
Let R = \\a\\. Since a is non-constant and \a\ = R, Proposition 11.16] ensures that we can pick w,z e T such 
that Rz, Rw e a([0, 1]) and + w") : n e Z+} is dense in C. Choose s,t e [0, 1] such that a{s) = Rz 

and a{t) = Rw and let 1 be the constant 1 function on [0, 1]. Set if e C[0, 1]* to be </?(/) = |(/(s) + /(*)). 
Clearly, (1, tp) e n(C[0, 1]) and ip{M''l) = ^R'^{z"' + u;") for n e Z+. Thus 0(M, 1, ip) is dense in C and 
therefore M e NH{C[0, 1]) cz WNH{C[0, if). □ 



Theorem 1.23. Each of the following conditions is sufficient for the strong numeric hypercyclicity of 
Te L{X). 

(|1.23i l) X is reflexive and there are a Schauder basic sequence {e„}„gN in X and c e ^5|_(N) such that 
Tcn = Xn^n with A„ e C for each n e N and I ^ cjX^ : k e |- is dense in C. 

(jl.23i 2) X is reflexive and there is a Schauder basic sequence {en}nen in X such that Tcn = \n^n for each 
n e N, where e C are such that |Ai| > 1, the sequence {\\nWnen is [maybe non-strictly) increasing 
and the numbers are pairwise distinct elements ofT. 

(11.231 3) There is Xe C such that |A| ^ 1 and T — XI is semi-Fredholm of positive index. 

(jl. 231 41 X is reflexive and there is A e C such that |A| ^ 1 and T — XI is semi-Fredholm of negative index. 

The reflexivity condition in the above theorem can not be removed entirely as illustrated by the 
following examples. 

Example 1.24. Let {zn}nen a sequence of finite order elements o/T, r > 1 and T e L(co(N)) be the 
diagonal operator with the numbers rzn on the diagonal. Then T ^ NH (co(N)) . 

Proof. Let (x,/) e n(co(N)) and ^ = {n e N : \xn\ = 1}. Clearly A is non-empty and finite and 
there is c e such that / acts according to the formula f{y)= XI CnXnVn for each y e co(N). Hence 

neA 



f{T x) = r Yj ^nZn for each k e Z+. Since A is finite and each z„ has finite order, 0(T, x, /) is contained 

neA 

in the union of finitely many lines in C through the origin. Hence 0(T, x, /) is nowhere dense in C and 
TiNH{ca{n)). □ 

Example 1.25. Let r > 1 andT ^ NII{cQiJ^)) be given by {Tx)i = and {Tx)n = rxn-i if n > 1. Then 
T — I is Fredholm of index —1 and T ^ NH {cq{N)) . 

Proof. Let (x,/) e n(co(N)) and the finite set ^ N and c e be as in the proof of Example ll.24[ 
It is easy to see that f{T^x) = if A: ^ max(y4). Thus 0{T,x,f) is a finite set. Hence T ^ NH{co(N)). 

On the other hand, T — / is injective and (T — I)(co(N)) is exactly the kernel of 93 e co(N)* given by 

00 

V^(x) = Xi f ^^Xn- Thus T — / is Fredholm of index —1. □ 

Obviously, a self-adjoint operator T on a Hilbert space % can not be numerically hypercyclic. Indeed, 
NO{T,x) cz M for each x e S(T-L). The following theorem nearly (but not quite) characterizes weakly 
numerically hypercyclic normal operators. It also allows a funny characterisation of weakly numerically 
hypercyclic self-adjoint operators. 

Theorem 1.26. Let % be a Hilbert space, T e L{'H) and k e be such that T^ is normal. Then the 
following statements are true. 

(II. 261 1) T e WNII{H) if there is a sequence {Xn}neN in cr{T) such that 1 < |Ai| < IA2I < . . . 
(|1.26i 2) T e NH{%) if there is a sequence {Xn}nen in cr(T) such that 1 < |Ai| < IA2I < . . . and the numbers 
are pairwise distinct. 

(fL26l 3) IfT'' is self adjoint, then T e WNH(n) if and only if the set {-\z\ : z e a{T), \z\ > 1} is not 
well-ordered by the natural ordering o/M. 

(11.261 4) T e NHlT-L) if there exist r > 1 and a T^-invariant subspace K, such that \T^\^ e ^i)^) unitary 
operator with infinite spectrum. 

Corollary 1.27. A self-adjoint operator T is weakly numerically hypercyclic if and only if the set 
{ — \z\ : z e cr(T), \z\ > 1} is not well-ordered by the natural ordering o/M. 

Corollary 1.28. Let r > 1 and T be a unitary operator with infinite spectrum. Then rT is numerically 
hypercyclic. 



Herrero [Sll^ described the norm closure of the set of hypercyclic operators on ^■^(N) in terms of the 
spectrum. Prajitura [H] demonstrated that the set of weakly hypercyclic operators on ^^(N) has the 
same closure. We provide a spectral description of the closures of SNH{X), WNH{X) and NH{X) for 
an arbitrary reflexive Banach space X. 

Theorem 1.29. Let X be reflexive and T e L{X). Then the following statements are equivalent: 

(11.291 1) T does not belong to the operator norm closure of SNH[X); 

(11. 291 2) T does not belong to the operator norm closure of NH[X); 

(11.291 3) T does not belong to the operator norm closure of WNH[X); 

(jl. 291 41 the set {A e cr(T) : |A| ^ 1} consists of finitely many normal eigenvalues of multiplicity 1 with 
pairwise distinct absolute values. 

1.4 The structure 

In Section [2] we prove Theorems 11.71 and 11.81 by means of explicit examples. In the same section we 
show that the existence of a numerical orbit NO(T,x) dense in a non-empty open subset of C does not 
guarantee the numeric hypercyclicity of T e L(C^). In Section[3]we prove Proposition II . 16] and build up a 
toolbox used later on in order to prove the main results. Section|4]is devoted to the proof of Theorems 1 1.91 
and II. lot which provide sufficient conditions of weak and of strong numeric hypercyclicity in terms of a 
restriction to a finite dimensional invariant subspace. In Section [H we prove Propositions ll.lT] and [LT2], 
which deal with the similar issues in the Hilbert space setting. Theorem 11.201 providing genuinely 
infinite dimensional sufficient conditions of weak numeric hypercyclicity, is proved in Section [6l We prove 
Theorems 11.131 describing the numerically hypercyclic operators on C^, and Theorem II. 14^ describing 
the weakly numerically hypercyclic operators on C'^, in Section [71 Theorem II. 23^ which provides infinite 
dimensional sufficient conditions for the strong numeric hypercyclicity, is proved in Section [HI In Section [H 
we prove Theorem 11.291 which describes the operator norm closure of the set of numerically hypercyclic 
operators on a reflexive Banach space. Theorem 11.261 dealing with numeric hypercyclicity of normal 
operators, is proved in SectiorfTOl In Section [TTl we prove Propositions 11.18] and [TTT9] on scalar multiples 
of numerically hypercyclic operators on C^. In Section [121 we make some further remarks, construct few 
examples and raise several questions on the numeric hypercyclicity. 



Our construction is similar to the proof of Theorem KPSl in [10]. The main difference is that we need 
and achieve better control of the numbers in the numerical orbit. Note also that there are natural 
generalizations and some estimates below are far from optimal. 

2.1 Funny numbers 

As usual, for m, n e N, we write m | n if m is a divisor of n. Let p be an odd prime number and = ^k{p) 
for A; e N be powers of p defined recurrently by the formula 



2 Proof of Theorems [ET] and [TTSl 



vi= p and Vk+i = VkP' 



for e N. 



(2.1) 



Let also w 



{^^fclfesN be a fixed sequence of complex numbers satisfying 



^ ^ \wk\ ^ k for each k e N. 



(2.2) 



We define a sequence {m^ = rnk{p,'w)}keN of positive integers according to the following rule: 



rui = 1 and m^. = min{m e N : m > 



\wk-i\p' 



2 I m, p )( m} for k ^ 2. 



(2.3) 



TT 



Since the gaps between consecutive members of {m e N : 2|m, p 1( m} do not exceed 4, we have 

O^ruk- < 4 for every k > 2. (2.4) 

According to ([22]) and ([23]), 

TTifc = 0{kp^) as A; ^ 00. (2.5) 
By ()2.ip and ()2.5p . the series ^ ^ converges, which allows us to define 

r = t(p,w) = Xi — e and z = z{p,w) = e^^' e T. (2.6) 
fc=i '''' 

Lemma 2.1. /n i/ie above notation the following asymptotic relations hold: 

lim (p'^'-ll + z'^'^l - l-Wfcl) = 0; (2.7) 

liminf |1 + ^ (2.8) 

Proof. Note that for each e N, 

i/^r = iVfc + 2 where A^fc = S is an odd integer. (2.9) 

s=k+\ " s=l 

, CO X 

Since e^^"' = -1, we have z'"* = - explvri Xi ) • Hence 

^ s=k+l " ' 

1 + z'^k = _T,i!Ilh±l!± +o( (^^:^^^^Y + V ask^ao. 
Multiplying by p^*^ and using (12. ID , we get 



By ()2.ip and (j2.5p . the sequence in the O sign converges to as /c ^ od. Hence + z'^''\ — — > 
as A; ^ 00. The inequality (|2.4p yields — — > as A; ^ oo and (|2.7p follows. 

We prove (|2.8p in two steps. Denote A = ji^fem : A: e N, m e 2N + 1, m < -^/^^j- First, we shall 
verify that 

lim + = 1. (2.10) 

If n e N is large enough, there is a unique k = k{n) ^ 2 such that ^Jvk-i^k < n ^ ^^T-'ki^k+i- By (j2.9p . 



00 

~ !^fc ^ I'. • 



5 = fc+l 

Using the estimate n ^ ^ffcJ^fc+i, (j2.ip and (12. 5j) . we obtain 



00 y X 

=fc+l ^ ''^ 



If n ^ A, ]^ is not an odd integer. Since p | N^, can not be an odd integer. Hence the distance from 
^^^j^ to the nearest odd integer is at least Then by the last two displays, 

|1 + z"! = |1 + e'^"'^*! ^ 2^ if n ^ A is sufficiently large. 



Since < n, 2 ^ |1 + z"! ^ 2^ for all sufficiently large n ^ A, which immediately implies (|2.1Up . 
In order to complete the proof of (|2.8p and that of the lemma, it now suffices to show that 



liminf 11 + ^ 



neA 



(2.11) 



By the already verified equality ()2.7p . lim (p'^'=|l + z'^'^\ — \wk\) = 0. Combining it with (12.20 . we 

have ^^-jT— = 0{\1 + z'^''\) and |1 + z'^''\ = 0{kp^'^'') as A; ^ 00. Hence, we can find a sequence of real 
numbers such that 



_g«»-fc every e N, = 0(|rfc|) and = 0{kp ^'') as A; ^ 00. 



The last relation yields rk^Vk+i^k — > as /c ^ 00. Thus \nrk\ < vr for n = Uk^nn e A for all sufficiently 
large k. Using the inequality |e** — 1| ^ '^\t\ if |t| ^ vr, we see that if \nrk\ < tt and n = i/^m e A is 
sufficiently large, then 



11 + 



|1 - e*^'="'| ^ ^Irfclm ^ c 



mp 



for some constant c > independent on n (c does exist because ^^-^ = 0(|r/c|)). Hence 

|1 + ^ (c/n)V"(p--^f /^'""^ = (c/n)V>-V- ^ (c/n)i/V'/' -P"'/' 

since m ^ 3. Thus the lower limit of |1 + z"]!/" is at least p^^/^ as n — > 00, n e A. This completes the 
proof of (12. Sp and that of the lemma. □ 



(2.12) 



Keeping the above notation, for each /c e N, we choose e {0, 1, . . . — 1} such that 



Wk\l+Z''k\ _ 



mm 



:ge {0,l,...,p'=-lj 



The inequality ^ qt < p^ and ()2.ip ensure that the series ^ converges. Thus we can define 



6»(p,w) = -^eM, and n = u{p,w) = e^'^^' e T. 
k=i ^ 



Lemma 2.2. In the above notation, 



lim (n'^'^p^Hl + z''") - Wk) = 0. 



Proof. By (fZT2D . 



"'"I^ + ^'^'I CXD 

\wk\{i+z-k) exp 



k—>-oo 



(2.13) 



(2.14) 



^ TT. By LemmaETl (p'''=|l + z'"*! - |wfc|) ^ 0. These two 



relations and the estimate \wk\ ^ k imply that 

exp(^^)p^'=(l + z"'') -Wk^O as A: ^ 00. 



(2.15) 



By 



exp( £ 



s=fc+l 



UsP" 



^ 0(i^fcM+i) = 0(p"''"^^) and p'^fe]! + = 0(|u;fc|) = 0{k), we have 

(u^fe - exp(27rgfcz/p^))p'''=(l + z)"'' 0, which together with (|2T5]1 implies ([231) . □ 



Since I] ^ 

s=A;+l 



2.2 T G L{£?) with a prescribed numerical orbit 

The following result shows that the somewhere dense orbit theorem fails miserably for numerical orbits. 

Proposition 2.3. Let a non-empty open subset U of C he the interior of a closed set. Then there exist 
a diagonal T e i^(C^) and xq e «S'(C'^) such that U is the interior of NO{T, xq) and for every x e S'(C^) 
either NO(T,x) = NO(T,xo) or NO(T,x) is nowhere dense in C. 

Proof. Let p be an odd prime number. Choose a sequence w = {tffclfcgN in C such that ^ ^ \wk\ ^ k 
for every A; e N and {wk ■ k ^ /cq} is a dense subset of 2U for some k^ e N. By Lemmas 12.11 and 12.21 
([2ll]l and (USD hold for Uk = i^kip), z = z{p,w) and u = u{p,w) defined in (HH), (USD and (fZTSD 
respectively. Now let T e L(C^) be the diagonal operator with the numbers pu and puz on the diagonal. 
If X = (a, 6) e 5(C2), then 

<r"x,x> = p^u'^dap + for every neZ+. 

If |a| ^ the above display yields |{r"j;,j;)| ^ p"||ap — ^ oo and NO{T,x) is nowhere dense in 
C. If \a\ = \b\, then \a\ = 1^1 = ^iid the above display reads 

2<r"j;, x> = + z") for every n e Z+. 

By (j2.14p . (T'^''x,x} — ^ — > as /c — > go. Since {?yfc/2 : ^ k^} is a dense subset of U and ?7 is the 
interior of a closed set, U is the interior of the closure of {(T'^''x,x} : k e N}. By the above display 
and ()2.8p . \(T"'x,xy\ — > oo as n ^ oo, n ^ {ffc : /c e N}. Hence [/ is the interior of the closure of 
{(r"x, x) : n e N} = NO{T,x). It remains to note that if \a\ = \b\, then NO{T,x) does not depend on 
x. □ 



2.3 Proof of Theorem [T7fl 

Let p be an odd prime number. Choose a sequence w = {t«fe}fceN in C such that ^ ^ |tt;fc| ^ for every 
k e N and {wk : /c e N} is dense in C. By Lemmas [2TT] and [2^21 (|2.14p and (p^ hold for Uk = i^kip), 
z = z{p,w) and u = u{p,-w) defined in (12. ip . (j2.6p and (I2.13P respectively. Now let T e L(C^) be the 
diagonal operator with the numbers pu and puz on the main diagonal. 

First, if xo = i:^,:^) e ^'(C^), then 2<r"xo,xo> = p''n"(l + z") for every n e Z+. By (|2T4]) . 
<r'''=a;o,xo> - ^ ^ as A: ^ 00. Since {wk : A; e N} is dense in C, {(T'''^xo,xo) : A; e N} is dense in C. 
Hence NO{T,x) is dense in C and T e NHiC"^). 

Let x = {a,b) e 5'(C^). If \a\ 7^ as in the proof of Proposition 12.31 we have |{T"x,x)| ^ 
^"■llap— 00 and NO{T,x) is nowhere dense in C. Hence NO{T'^ , x), being a subset of NO{T,x), 
is nowhere dense in C. If \a\ = \b\, then 2{(r^)"x,x) = p^"ti^"(l + z'^") for n e Z+. Since each Vk is odd, 
dSS]) guarantees that liminf|<(r2)'^x,x>|^/2" = pliminf |l + z2"|i/2n ^^2/3 > Hence |<(T2)"x,x>| ^00 

n— >oo n— >oo 

and NO{T'^,x) is nowhere dense in C. Thus ^ NH{£?'). The proof of Theorem 11.71 is complete. 



2.4 Proof of Theorem fTTSl 

Let J) and g be two odd prime numbers such that p > g^/^, Uk = Vkip) and i^^ = Vkio) be as defined 
in (j2.ip . Let also w = {u>fc}fcgis} and w' = {u>^}fceN be two sequences of complex numbers such that 
^ ^ \wk\^ \w'j^^ ^ k for every A: e N, {wk : A; e N} is a dense subset of the half-plane {t e C : Ret > 0} and 
[w'^ : A; e N} is a dense subset of the half-plane {t e C : Ret < 0}. Let also z = w), z' = z{q.,'w'), 
u = u{p, w) and u' = u{q, w') be as defined in ()2.6p and (12.13P and let T be the diagonal operator on 
with the numbers pu, puz, qu' and qu'z' on the diagonal. 

First, observe that if x, y e 5(C^) are given by x = {-^, 'TI ' ^' ^) ^^'^ ^ ^ ^' 75' "Ts) ' ^^^^ 

2<r"x,x> = p"'u"(l + z") and 2<r"y, y> = ^"(^^"(l + for every n e Z+ . 

By LemmaEa <T'^^x,x> - ^ ^ and (T<y,y} - ^ ^ 0. Since : A; e N} u : A; e N} is dense 
in C, NO{T,x) u NO{T,y) is dense in C. Hence the union of 2 numerical orbits of T corresponding 



to elements of n(C^) is dense in C. The proof will be complete if we prove that T is not numerically 
hypercyclic. In order to do that, let x = {a,b,c,d) be an arbitrary element of ^(C^). It remains to show 
that NO(T,x) is not dense in C. A direct computation yields 

<T"x, x> = p"n"(|ap + j^j^z") + g"(n')"(|cp + \dWzT) for every neZ+. (2.16) 

Case 1: \a\ ^ \b\. By (f2J6]l . |<T"x,x>| ^ \\a\^ - |6p|p"(l + 0{q''/p'')) ^ oo as n ^ oo since q < p. 
Hence NO(T,x) is non-dense in C. 

Case 2: \a\ = |6| 7^ and |c| + \d\ ^ 0. Since p > g^/^, we can pick r e {q^p"^^^). By (\2.8L there is 
c > such that p"'\l + z"'\ ^ cr" for every n e N\{z^fc : /c e N}. According to (I2.16p . we have 

|<r"x, x>| ^ |a|^cr" - 2g'" ^ 00 as n ^ 00, n ^ {z^fe : A; e N}. 

By ([221, p'^'^ll + ^''H - \wk\ 0. Since ^ k, p""]! + z"''] = 0{k) as /c ^ 00. Pick s e 
If |c| = \d\ 7^ 0, the obvious observation that 7^ for every k,m e'N and (|2.8p imply that there is 
ci > such that \q''^{u'y'^{\c\'^ + \d\'^{z'y^)\ = g^^lcpll + \{z'y'')\ > cis''^ for every k e N. If |c| 7^ \d\, 
then g"(u')"(|c|2 + ^ ||c|2 - and therefore {q"" {u'Y" {\c\'^ + \d\'^{z')''>')\ ^ ||c|2 - \d\'^\q'''' ^ 

||cp - Idpis''*. Thus in any case there is C2 > such that \q''''{u'Y''(\c\'^ + \d\'^{z'y'')\ ^ C2s'^'' for every 
k eN. Combining these estimates with (j2.16p . we get \(T'^'=x,xy\ ^ C2s'^'= + 0{k) — > co as /c ^ 00. Then 
by the above display \(T"'x, x)| — > 00 as n ^ od and NO{T, x) is non-dense in C. 

Case 3: a = 6 = and |c| ^ \d\. By (I236D . |<T"x,x>| ^ ||cp - ^ 00 as n ^ 00. Hence 

NO{T, x) is non-dense in C. 

Case 4: a = 6 = and |c| = \d\. By (f2T6]l . 2<r"x,x> = g"(n')"(l + (2')") for ^ e N. Then by (USD, 
the lower limit of |{r"x, as n — > 00, n ^ {z^[, : A; e N} is at least g^/^ > 1. Hence |{r"x,x)| ^ 00 as 

n ^ CO, n ^ {v'u ■ k e N}. On the other hand, according to Lemma 12.21 lim ((T'^kx, x} — ) = . Since 

fc^co V / 

each w'j^ is in the left half-plane, NO{T,x) has no accumulation points in the open right half-plane. Thus 
NO{T,x) is non-dense in C. 

Case 5: \a\ = \b\ and c = d = 0. By (^J^, 2<T"x,x> = + 2") for every n e N. Then 

according to (|2.8p . the lower limit of |(r"x, x)!^/" as n — > 00, n ^ {i^k : A; e N} is at least p"^^^ > 1. Hence 
|(r"x, x>| ^ 00 as n ^ 00, n ^ {i^k ■ k e N}. On the other hand, by Lemma [2^ lim ((T'^'^x, x)— ^ ) = 0. 

fc— >co V / 

Since each Wk is in the right half-plane, NO{T,x) has no accumulation points in the open left half-plane. 
Hence NO(T,x) is non-dense in C. The proof of Theorem 11.81 is complete. 

3 Dense sums of powers 

We need a number of technical results. First, we state the Universality Theorem, which will be repeatedly 
used in this and in the subsequent sections. A topological space X is called Baire if the intersection of 
countably many dense open subsets of X is always dense in X. Recall that a Polish space is a separable 
topological space X, whose topology can be defined by a metric d such that the metric space (X, d) is 
complete. By the Baire Theorem, every Polish space is Baire. The following result is a particular case of 
the Universality Theorem |6j p. 348-349], see also [HI?]. 

Theorem U. Let X be a Baire topological space, Y be a Polish space and J- = {fa '■ a e A} be a collection 
of continuous maps fa'-X^Y such that the set {{x,fa{x)) : x e X, a e A} is dense in X xY. Then 
[x e X : {fa{x) : a e A} is dense in Y} is a dense Gs-subset of X. In particular, there is x e X such 
that {fa{x) : a e A} is dense in Y . 

3.1 Finite sums 

Lemma 3.1. Let z,w e T be independent and {Rn}neN 0, sequence of positive numbers such that 
Rn — > 00. Then 

{{a,b) e : {i?„(az" + ^u-") : n e Z+} is dense in C} is a dense Gs-subset o/T . 



Proof. Obviously, fn{a, h) = Rn{az^ + bw^) is a continuous map from to C. By Theorem U, the proof 
will be complete if we verify that 

A = {{a, b, Rniaz"- + bw"-)) : (a, b) e T^, n e Z+} is a dense subset of T x T x C. 

Pick a, /3 6 T and v e C\{0} and let « = and t„ = Clearly, tn — * and v = 2RnStn for each n e N. 
Since z and w are independent, {(z", tw") : n e Z+} is dense in and there is a strictly increasing sequence 
{^fejfceN of positive integers such that < 1 for each k, z^'^ isa~^ and ti;"*^ — > —is^^^ as /c ^ oo. Set 
Uk = + iy'l - e T, Ofc = sz~"-'"yk and 6*; = sw~'^''y'^'^ . Then Rn^{akz'^'' + bkw'^'^) = 2stn^Rn^^ = v 

and therefore {ak,bk,v) e A for each A; e N. Since yk i, 2"'= — >• isa~^ and lu"*^ — > — is/S"^, we have 
Ofe — >• CK and — » /3. Hence the sequence {{ak,bk,v)} of elements of A converges to {a,P,v). Since 
a, /3 e T and V e C\{0} are arbitrary, A is dense in T x T x C. □ 

Lemma 3.2. Let z,w e T be independent, k e N, m e Z, and {Rn}nen, {fn}neN be two sequences of 
positive numbers such that Rn — > 00, rn —>■ ^X) and ^ — > 00. Then 
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{{a, b)eT^ : {i?„z'^"(az'=" + a'^z''''') + brnw'' :neZ+} is dense in C} is a dense Gs-subset ofT^. 

Proof. Clearly, fnia,b) = Rnz"^^{az''" + a~^z~''^) + brnw"- is a continuous map from to C. By 
Theorem U, the proof will be complete if we verify that 

A = {(a, b, Rnz'^''{az^'' + a'^z''"'') + brnw"") : (a, 6) e T^, n e Z+} is a dense subset of T x T x C. 

Pick a,/3eT and v e C. Since r„ — > 00, for each sufficiently large n, the circle z^'^^v + r„T intersects 
the real line at 2 points with exactly one s„ being in (0,oo). Let 7i„ 6 T be the unique number such 
that z^™-"-v + VnUn = Sn- Obviously, tt„ -* 1 and ^ — > 1. Denote 6„ = —z'^^w~'^Un. Since ^ — > 1 
and ^ 0, we have — > 0. Thus < 2 for all sufficiently large n. For such n, we can consider 

5" ^ m~ -^/l ~ ^ Clearly, g„ ? as n — >• 00. Let a„ = QnZ^^'^. It is easy to verify that 

Rn{anz'^"' + a~^z~''"') + rnbnw"' = V for each sufficiently large n. 

Since z and w are independent, {{z^'", w"'z~"^^) : n e Z+} is dense in T^. Thus there is a strictly increasing 
sequence {njjjgp^ of positive integers such that z'^"^ ia^^ and w"'^ z~"^"'^ as j 00. Since 

Un 1 and Qn i, wc have 6„^. = — w^^J j3 and a„^. = qn^z^^"'^ a. By the above display, 
{0"nj ) bnj ,v) e A and therefore (a, P, v) is the limit of a sequence of elements of A. Since a, /3 e T and 
V e C are arbitrary, A is dense in T x T x C. □ 

Lemma 3.3. Let u,w,zeTbe independent and {Rn}neN be a sequence of positive numbers such that 
Rn — >• 00. Then there exist a,b,ce M+ such that {Rniau^ + bw'^ + cz"') : n e Z+} is dense in C. 

Proof. Let A = {{a,b) e M? : a > 0, b > 0, a + b < 1}. Obviously, ^ is a non-empty open subset of E?. 
Clearly, /„ : A — > C, fn{a,b) = Rn{au^ + bw"' + cz^) is continuous. By Theorem U, the proof will be 
complete if we show that 

A = {{a^b^Rniau"^ + + (1 - a - b)z"-)) : n e Z+, (a, 6) e A} is dense in ^ x C. 

Clearly, M = {(a,/3,7) e : a ^ /3, a 7^ 7, ^ 7^ 7} is a dense open subset of T^. Consider 

F : R2 X ^ C, F{x, = xi^i + + {1 - Xi - X2)^3- 

Differentiating F, we easily confirm that 

for every (x,^) e ^ x M, the difi'erentials of both F{x, •) at ^ and F{-,^) at x have rank 2. (3.1) 

Furthermore, for every x e A, F{x, M) is an open subset of C containing 0. 



Let X = {a,b) e A and y e C. Pick ^ = (a,/3,7) e M such that F{x,^) = 0. According to (|3.1|) . a 
standard imphcit function argument yields that 

for every sequence {^j = (oj, 7j)}jgN in "T^ convergent to ^ and for every 

sequence {zj}jeN in C convergent to 0, there is a sequence {xj = {aj,bj)}jeN in (3-2) 

convergent to x such that F(xj,(,j) = zj for each sufficiently large j e N. 

Since u,w,z are independent, {(ti", w", z") : n e Z+} is dense in T^. Thus there is a strictly increasing 
sequence {njjjgN of positive integers such that n"-' —>■ a, w'^^ —>■ fi and z"'-' 7. By ()3.2p . we can pick a 
sequence {xj = (oj, 6j)}jeN in convergent to x such that F{xj,^j) = for each sufficiently large j, 

where = (n"^ , if"^ , z"^ ). Since A is open, e ^ for each sufficiently large j. By the definition of F, 
Ruj {cLjU^^ + hjw'^^ + (1 ~ (^j ~ bj)z'^^) = y and therefore (aj, bj,y) e A for each sufficiently large j. Since 
(ttj, bj, y) — > (a, 6, y) and x = (a, 6) e A, y e C are arbitrary, A is dense in ^ x C. □ 

Lemma 3.4. Let z,w eT be independent, {Rn}nen ctnd {r„}„gN be sequences of positive numbers such 
that Rn GO and — > 00, [/ 6e a non-empty open subset of C and (p : U ^ C be continuous. Then 



{a e {/ : {{RnO. + rn(p{a))z^ + {RnO + rnip{a))w'^ : n e N} is dense in C} is a dense Gs-subset of U . 

Proof. Clearly, it is enough to prove the statement with U replaced by an arbitrary non-empty open set 
whose closure is contained in U . Thus, without loss of generality, we can assume that ip is bounded: 
c = sup{|(/5(ii)| : n e [/} < 00. Since z,w are independent, we can pick independent s,ueT such that 
z = us and w = us^^. Then 



{Rna + r„(/9(a))z" + (i?„a + r„(^(a))it;" = u''Rn{{a + Pn^{a))s'^ + [a + Pn'p{a))s ") 
for each n e N, where pn = By Theorem U, it suffices to verify that 



A = {(a,u"i?„((a + p„(/7(a))s" + (a + pn<f{a))s ")) : a e [/, n e N} is dense in U x C. 

Fix a e f7\{0} and y e C\{0}. Since s,u are independent, : n e N} is dense in T^. Hence, 

we can find a strictly increasing sequence {nk}ken of positive integers such that 5"*= — > ^ and — > 
as A; — > oD. Since i|a|s~"''= —>■ a e U and U is open, there is e > such that for each sufficiently large k, 
zs~"'=|a|e"' e U for every x e [— Thus for each sufficiently large k, we can define the map 

Cfc : ^M, Ckix) = -:f^ + 2Re(i|a|e^" + pn,99(is-"'=|a|e*")s"^-). 

For every 6 e (0, e), we have 

min ^fc(x) ^ 2|a| sin (5 — cp„^ ^ 2|a| sin 5 > as A; ^ 00, 

max (,k{x) ^ — 2|a| sin(^ — — h c/3„j. ^ — 2|a| sin 5 < as A: — > 00.. 



a;G[(5,e] 



By (!3.3p . ^fc takes both positive and negative values for each sufficiently large k. Since each is con- 
tinuous, the Intermediate Value Theorem guarantees the existence of Xk e [— such that Cki^k) = 0. 
Furthermore, the estimates (jS.Sp imply that — > as A; ^ oo. Now we set = i|a|e*^'=s^"'= e U and 
yk = u'^''Rn^{{ak + /)„^99(afc))s"'= + {a^ + pnt,^{.ak)) s^'^'') e C. Obviously [at^yk) e A. Since 5"*= ^ ^ 
and Xjfc — > 0, we have — > a- Next, by definition of a^, 

yk = 2Rn,u'"' Re (a^s"^' + pnMak)s'"') = 2i?n,u"^ Re (i|a|e^^'= + /)n,95(i|a|e^^'=s-"'=)s"'=). 

Using the above display together with the equality ^k{xk) = and the definition of ^k, we arrive to 
yk = Since u"'' — > j^, we have yk ^ y- Thus {{ak,yk)} is a sequence in A convergent to {a,y). 

Since a e f/\{0} and y e C\{0} are arbitrary, A is dense in U x C. □ 



Lemma 3.5. Let 1 < r < R and k, m be distinct integers. Then 

{{z,w) e : + z™") + : n e Z+} is dense in C} is a dense G5 subset ofT^. 

Proof. By Theorem U, it suffices to verify that 

A = + +rV) ■.z,weT, ne Z+} is dense in T x T x C. 

Let a,b e T and y e C. Since k ^ m, for every n e N, there are Sn,tn e T such that + = 
and + CI = 2. Consider the function G„ : T ^ C, = R'r"'^{z^ + z"") - r-'^y. Then 

\Gn{sn)\ = r^^\y\ < 1 for each sufficiently large n and \Gn{tn)\ ^ — jll > 1 for each sufficiently large 
n. Thus for n large enough the function \Gn\ must attain the value 1. That is, there is c„ e T such that 
Gn{cn) = dji ^ T. Hence -R"'(c^ + c™) + r"d„ = y for each sufficiently large n. Now pick 2;^ e T and 
Wn^T such that = c„, tf" = d„, |z„ — a| < ^ and |w„ — 6| < ^. Since R^{z^^ + zJJ™) + r'^w^ = y, we 
have {zn,Wn, y) e A. Since Zn —>■ a, Wn —>■ b and a, 6 e T, y e C are arbitrary, A is dense in T x T x C. □ 

3.2 Proof of Proposition 11.16] 

Let Ur = {{z,w) e : {_R"(z"' + : n e Z+} is dense in C}. We have to show that Ur is a dense 
G^-subset of of Lebesgue measure 0. By Theorem U, in order to show that Ur is a dense G^-subset 
of T^, it suffices to verify that 

A = {{z,w,R'^{z'' + tt;")) : z,weT, ne Z+} is dense in T x T x C. 

Let y e C and z,w e T. Since T + T 3 2D, for every n satisfying 2i?" > |y|, we can find a„, 6„ e T such 
that R"'{an + bn) = y. For each such n we can pick Zn, tt;„ e T for which zJJ = a„, tu" = \zn — z\ < ^ 
and \wn — w\ < ^. Since y = R^{an + bn) = R'^izJ^ + w^), we have {zn,Wn,y) e A for every sufficiently 
large n. Since {zn,Wn,y) — > {z,w,y) and y e C, z,w e T are arbitrary, A is dense in T x T x C. By 
Theorem U, Ur is a dense G^-subset of T^. 

Now let fj, be the normalized Lebesgue measure on T^. A straightforward computation yields 

fi{{z, w) eT"^ : \z^ + w"'\ ^ c} = ^ arcsin(|) for every c e [0, 2] and n e N. (3.4) 
Pick r e By ([32]), X; n{{z,w) e : |z" + t/;"] ^ -g-} < cx). Hence for almost all {z,w) e 

n=l 

T^, Iz" + w"! > for all sufficiently large n and therefore + ^ cx). Since the condition 

jin^^n _|_ y^n| ^ incompatible with the membership in Ur, ^^{Ur) = 0, as required. 

3.3 Infinite sums and integrals 

Recall that A c Z is called syndetic if there is a finite subset S of Z such that A + B = "L. Equivalently, 
A is syndetic if ^ = {n^ : k e Z}, where Uk+i > for each k e Z and {uk+i — : k e Z} is bounded. 

Lemma 3.6. Let G be a compact topological group, U be an open subset of G and g e G. Then the set 
A = {n e 7^ : g'^ e U} is either empty or syndetic. In particular, if U contains the identity element, then 
A is always syndetic. 

Proof. Since G is a compact topological group, the subgroup H = {g"^ : m e Z} is pre-compact with 
respect to the induced topology. liV = UnHis empty, then A = 0. Otherwise, y is a non-empty open 
subset of H. Hence we can pick m e Z such that g"^V is a neighborhood of the identity in IL. Since 
H is pre-compact, there is a finite set G = {g"'^ , . . . ,9"*} ^ H such that Gg"^V = H. It follows that 
B + A = Z, where B = {ni + m, . . . , -I- m}. Hence A is syndetic. □ 

Lemma 3.7. Let M be a subset ofT such that 1 is an accumulation point of M, A be a syndetic subset 
o/Z and /c e N. Then {(z", . . . , z^) : n e A n N, zi,... ,Zke M} is dense in T'' . 



^ A 



Proof. Let u = (ui, . . . ,Uk) be an arbitrary point in T'^. Then we can pick 6j e M such that Uj = e^^* for 
1 ^ j ^ k. Fix temporarily 5 e (0, 1/2). Since A is syndetic, there is g e N such that A + {1, . . . ,q] =TL. 
Since 1 is an accumulation point of M, we can pick . . . , 6^(5) e M such that < |fefc((5)| < (5, 

< < f>\hj{S)\ for 2 ^ j ^ /c and e^^^'')* e M for 1 ^ j ^ A;. 

First, we choose the smallest positive integer m\ such that dist {rn\h\{S) — 9i, 27rZ) < Then 
we pick the smallest integer m2 greater than mi such that dist (771262 (^) — ^2) 27rZ) < |62('^)|- We proceed 
the same way. Namely, having chosen mi, . . . ,mj_i, we set rrij to be the smallest integer greater than 
mj_i such that dist {mjhj{5) — 9 j, 27:1,) < \hj{5)\. By definition of g, we can pick n e A such that 
nik ^ n ^ mfc + q — 1. Clearly, rrij — mj^i ^ \b^{5)\ 2 ^ j ^ k. Hence 



0^n-mj^q-l+ ^ ^^q-l + ^ ^ ^ q - 1 + j^^j^^^ for I ^ j ^ k, 



k k-j-2 

W)\ ^ 9 - 1 + ^ 2 

m=j + l m=l 

where the third inequality is derived from 1 6^,-1 ((5)1 < 5\hm[5)\. Hence 

\nhj{5) - mjbj{5)\ ^ {q - l)\bj{6)\ + ^ ^ 6{q - 1 + At:) for 1 s: j ^ A: 

since \bj{6)\ < 6. Since dist (m^ftj (5)- 6'j,27rZ) < \bj{6)\, we have |uj -e"^j''^(^)*| < \bj{d)\ < 6. According 
to the above display, |e"''j(^)* - e^^^J^'^^'i < 5{q-l + in). Hence \uj - Zj \ < 6{q + An), where Zj = e^^^^^\ 
Since Zj e M, n e ^ n N and 5 e (0, 1/2) is arbitrary, the desired result follows. □ 

Corollary 3.8. Let M be an infinite subset of T, A be a syndetic subset of TL, k,no e N and u = 
{ui, . . . , Uk) e T'^. Then for every e > 0, there exist n,m e A and z, zi, . . . , Zk & M such that m > n > uq, 
\z^'^zj — Uj\ < e and \z^''^zj^ — ujl < e for 1 ^ j ^ /c. 

Proof. Since A is syndetic, there is (7 e N such that A + {1, . . . ,q} = TL. Since T is compact and M is 
infinite, there is an accumulation point u e T of M. Then for each 5 e (0, 1), 1 is an accumulation point 
of M(5 = \y~^z : z e M, |z — z;| < 5}. By Lemma 13.71 there are n e A and wi, . . . ,Wk e Ms such that 
n > Uq and \w'j — Uj\ < 6 for 1 ^ j ^ k. Since wj e Ms, wj = ^ with Zj e M and \zj — v\ < 6. Since v 
is an accumulation point of M, we can find z e M such that |-z — w| < Since \wj — Uj\ < 5, wj = ^ 
and I2: — t)| < we have \z~'^z^ — < 2(5 for 1 ^ j k. It follows that |2;^^"z|" ~ < 4(5 for 
1 ^ j ^ k. Now pick m e A n {2n, 2n + 1, . . . ,2n + q — 1}. Since \z — Zj\ ^ \z — v\ + \v — Zj\ < 25, we 
have |z-2"z2n _ ^-m^mi = |_2™-2n _ ^m-2n| ^ _ 2n)\zj - z\ < 2q6. Hencc 

- u]\ < |z-2"^2n _ ^ |^-2n^2n _ ^-m^rn| < 45 + 2^,5 = (2g + 4)<5. 

Thus for 6 satisfying {2q + A)d < e, \z^'^Zj' — Uj\ < e and ~ '"jl ^ ^ 1 ^ j ^ A;, as required. □ 

The following lemma looks painfully technical. We need it nonetheless. For each e > 0, let 

Pe = {ue : \u^\j - e^'^^^/^l < e and Iu^qU^+j - e^^^'l^\ <e for 1 ^ j ^ 4}. (3.5) 

Lemma 3.9. There exist e,d > such that for every u e P^ and every z,w e dD, there are positive 
numbers oi, . . . , 05 satisfying oi + . . . + 05 = 1, oiui + . . . + a^u^ = z and aiUQ + . . . + asuio = w. 



Proof. For every u e C^'', consider the IR-linear map : ^ given by the formula 

4 4 

2 {uj - u^)aj, } 

Let C = and for a,/3 e T, let u{a,^) = (a^, a'^^ "C^, «, /^C, /3C^ /3) e T^^. Then 

Su{a,/3) = STa^p, where T^^p : C^, Ta{z,w) = {az,f3w) and 



.4 4 . 

Sua = ( 2 (uj - u^)aj, Yj - uio)aj). 

S=i .7=1 ^ 



Q . k4 _ (P2 c„ _ Me - l)ai + ie - l)a2 + - l)a3 + - 1)^4 A 
^ ^ ^ ' ^ V (e^ - + (^^ - l)a2 + (^ - l)a3 + (e^ - l)a4 J 



First, observe that Tq, is an isometry. Identifying with in a natural way, we see that S is the hnear 
operator on with the matrix 

/ cos(27r/5) - 1 cos(47r/5) - 1 cos(67r/5) - 1 cos(87r/5) - 1 \ 

sin(27r/5) sin(47r/5) sin(67r/5) sin(87r/5) 

cos(47r/5) - 1 cos(87r/5) - 1 cos(27r/5) - 1 cos(67r/5) - 1 

V sin(47r/5) sin(87r/5) sin(27r/5) sin(67r/5) / 

One can verify (with some effort by hand and on the spot using an appropriate software) that the 
matrix in the above display is invertible. Thus Su(a,i3) is invertible for each a, /3 e T. Since the set of 
invertible M-linear operators from to is open, there is eo > such that Su is invertible for every 
u e Pgp. Thus for each u e and every {z,w) e C^, there exists a unique a{u,z,w) e such that 
Sua{u, z,w) = {z — U5,w — uiq). Obviously, the map {u,z,w) ^ a{u,z,w) is continuous on x C^. It 
is also straightforward to verify that 'S'„(a,^) |) |) ^) = Hence a(M(a, /?), 0, 0) = 

By continuity, there exist e e (0, eo) and d > such that whenever u e Pf, and z, tt; e dD, the components 
of a{u^z,w) are positive and sum up to a number less than 1. Now for z,w e dD and u e P^, we set 

4 

ttj = aj{u,z,w) for 1 ^ j ^ 4 and as = 1 — XI aj{u,z,w). It is straightforward to see that the equality 

Sua{u, z,w) = {z — U5,w — uio) is equivalent to aiui + . . . + 05^5 = z and aiUQ + . . . + 05^10 = w, which 
completes the proof. □ 

Lemma 3.10. Let AI be an infinite countable subset ofT, uj : M_|_ be a strictly increasing continuous 

concave function vanishing at and {Rn\nen a sequence of positive numbers such that Rn 00. Then 
there exists a e (M) such that 

oj{az) < GO and ^ OzZ^ : k e Z+j is dense in C. 

zeM zeM 

Proof. First, note that Q{M) = la e i\{M) : ^ w(a^) < 00 j- equipped with the metric p{a,b) = 



Yj w(|a2 — 6z|) is a separable complete metric space. Let 

zeM 

n = \ aeQ{M) : liminfl V 



Then is a non-empty (0 e 0,) G^-subset of the Polish space Q{M) (it is by no means dense!). Indeed, 



n= n l){aeQ{M):\Y,a.z'\<l] 



m,neNk=m^ zeM 

Let also 



f^o = a e Q{M) : ^ 

OzZ = for some A; e N 



zeM 

First, we observe that Qq is a subset of Q. Indeed, let a e ilg- Then there is A; e N such that ^ a^z^ = 0. 

zeM 

Consider the compact metrizable topological group G = T^^ and g e G defined by g{z) = z for z e M. 
By Lemma 13.61 for every neighborhood U of 1q in G there are infinitely many n e N such that (7" e U. 
Hence there is a strictly increasing sequence {?ij}jgN of positive integers such that g^^ Iq- Then 

lim y a^z^^+^J = y a^z'^ = and therefore a e Q. 

7— >oo 

zeM zeM 

Let d, e > he the numbers provided by Lemma 13.91 First, we shall verify the following claim: 

For each aeil, geN, 5>0 and y e SdlD), there exist n e N and b e Q{M) 
such that n > q, p{b, 0) < 5a;(5), a + 6 e $7o and ('^z + = U- 

(3.6) 

2SM 



Let aeO, geN, (5>0 and y e SdB. Clearly, 6 = 6d — \y\ > 0. Denote A 

Since a e Q, the set A is infinite and therefore non-empty. Clearly, A = 
U = \f e G : 



< 



n e Z, : XI Oz-^" < 
zeM 

{n e Z : ^r" e [/}, where 

li azf{z) 

zeM 

Lemma 13.61 implies that A is syndetic. Let ^ 
z,zi, . . . e M such that m > n > q and jz" — z^^^\ < e/2, \zj' — < e/2 for 1 ^ j ^ 5. Then 

(z", . . . , ^5 , z™, . . . , z™) belongs to the set defined in (j3.5p . Since n,me A, we have 



Since U is an open subset of the compact topological group G, 
,27^/5^ By Corollary 13.81 there exist m,n e A and 



y 1 V « 

zeM 



zeM 



< 



+ l{5d-\y\) = d, 





1 

~ <5 




< 


zeM 




zeA^ 





By Lemma [319} there exist positive numbers . . . , /^s such that 
5 5 5 



26 M 



a,z 



(3.7) 



zeM 



Define 6 e Q{M) by setting 6^ = if z e M\{zi, . . . , 25} and ft^^. = S^j for 1 ^ j ^ 5. The equation ([3771) 

now reads Xi (^z + fez)-^" = y and Xi (^z + bz)z"^ = 0. The latter implies a + 6 e $7o- Since the non-zero 

zeM zeM 
components of 6 sum up to 5 and there are only 5 of them p{b,0) < 5uj{5). This concludes the proof of 

Claim dSS]). 

Since is a non-empty G^-subset of a Polish space Q{M), is a Polish space in its own right. Since 

for every k e N, the map : — > C, /a,. (a) = Xl o,zZ^ is continuous, Theorem U guarantees that the 

zeM 

proof will be complete if we show that 



A 



a,z 



zeM 



: a e il. A; e N > is dense in x 



Since Rn —>■ (|3.6p yields that for every 6 > 0, y e C and a e there are n e N and b e i\{M) such 
that p{b, 0) < 5 (and therefore p{a, a + b) < 5), a + b e Q and X i'^z + bz)z"' = Hence (a + h,y) e A. 



zeM 



Since a e $7, y e C and 5 > are arbitrary, A is dense in 17 x C, which completes the proof. 



□ 



Lemma 3.11. Let {Q,,T,fi) be a measure space. Assume that the essential range of g e L°°{fi) contains a 
sequence {Xn}neN such that |Ai| > 1, {|An|}neN is strictly increasing and are pairwise distinct. Then 
there exist a non-negative real valued function a e (^u) for which 



g adfi : k e > is dense in C. 



Applying the above lemma to the situation of a purely atomic measure space, we immediately obtain 
the following corollary. 

Corollary 3.12. Let {\n}neN be a bounded sequence in C such that |Ai| > 1, the sequence {\Xn\}nen is 
strictly increasing and the numbers are pairwise distinct. Then there exists a e ^+(N) such that 

00 

QnXn • ^ ^ ^+ ( dense in C. 



n=l 



Proof of Lemma \3. Ill Let = |A„|, z„ = and r = limr„. Let = £ ^ : \9{^)\ < ^} and Z be 
the set of all real- valued non-negative / e L^^p) vanishing outside Clearly, Z is a closed subset of 



the Banach space L^ifJ-)- Since for every /c e N, the map Fj^ : Z ^ C, Fj^{f) = \^^g^f dji is continuous, 
Theorem U guarantees that the proof will be complete if we show that 



/ d/i I : a e Z, A; e N > is dense in Z x 



A 



Let U be an arbitrary non-empty open subset of Z x C. Since r„ r, we can find (a, y) e U and 



m ^ 2 such that a vanishes outside {w e : \g{x] 
subset of T. Since \g\ ^ r^-i on the support of a, 

q WW II 

qeH such that ^""'X " ^ + -If^ < i and therefore 



< Tm-i}- Clearly M = {zj : j > m} is an infinite 



5 a^'^' 



^ ||a||ir^_i. Since r„i-i < rm, we can find 



y_ 



-{ 



ag dfie - 
n -3 



for each k ^ q. 



An elementary geometric argument ensures that there is e > (one can even find the biggest e) such that 
whenever u,v,w eT satisfy |^ — e^'^*'''^| < e and |^ — e*'^^^^\ < e, the disk |D is contained in the convex 
hull of u, V and w. Corollary 13.81 applied with A = 7^ guarantees that for every integer s ^ q there are 



Us, Vs,Ws e M and fc^ e N such that kg > s, 



p47ri/3| 



< e. Thus il 



is contained 



in the convex hull of Ug% and wj^. Since Us,Vs,Ws e M, there are ji,s,j2,s,j3,s £ {"i + l,m + 2, 



such that Mo 



and w<. 



Zj^,^. Since gl 



is contained in the convex hull of 



and 



by the above display, there exist ai,a2)03 £ such that 



ai + 02 + as 



1 and aizj^^ + as^)^,, + as^^,, = ^ " 4; f "^'^ '^Z^- 



Using the definitions of r„ and 2;„ and multiplying by , we get 



Note that for every /c e N, the set 



02 r„ 



J2,s 



J2,3 



'^S^m \ka 



I 

Jn 



ag " dfi = y. 



(3.8) 



6/ : 6e Z, \\b\\ = 1 



is convex and is a dense subset of the closed convex hull of the set 

{z^ : z is in the essential range of g and \z\ < r}. 
Thus there is 6^ £ Z such that 

ll^slll 



air„ 



a2r^ 



(3.9) 



Jl,s 



and 



J 

Jn 



bsg' 



^l^m \ks 

jl,s 



02 



32, s 



J3,3 



J2,s 



J3,3 



< 2 



The above display together with ()3.8p gives 

Jn 



Vs 



bs)g'''' dfi ^ y as s 



00. 



Since r;^^ > for 1 ^ Z ^ 3, (|3.9p implies that \\bs\\i ^ as s ^ oo. By definition of ys, (a + bs,ys) £ A 
for each s ^ q. Since a + bs —>■ a, ys —>■ y and C/ is open, A meets U. Since C/ is an arbitrary open subset 
of Z X C, A is dense in Z x C, which completes the proof. □ 



For the sake of brevity, we use the following fairly standard notation: 

fi{n) = z"' dji^z) for n e Z for a Borel measure /x on T. 
Jt 

As usual, for g e L^{ij.), gii stands for the measure absolutely continuous with respect to with the 
density (=Radon-Nykodim derivative) g. For a non-negative Borel measure on T, we denote the set of 
all real- valued non-negative / e L^(/x) by the symbol L\{^). 

Lemma 3.13. Let jjL he a purely non-atomic Borel probability measure on T and {Rn}nEN be a sequence 
of positive numbers such that Rn — »■ oo. Then there is ae such that {Rnafi{n) : n e N} is dense in 



Proof. We start by proving the following claim. 

For every purely non-atomic Borel probability measure v onT 
and each £ > 0, the set {n e Z : |P(n)| < s} is syndetic. 

By the Fubini theorem, 

Jt Jt Jtxt^'"^^ 

For each me Z and n e N, we sum up these equalities ioi m ^ k ^ m + n — 1: 

m+n—1 



(3.10) 



- X! = hm,n{z,w)d{u y, u){z,w), 

" k=m -^TxT 



\ / Z\m. \^ z^ Z'^(w" — Z^) 

where km ni^, '"^) = ~ ( ~ ) / , — h = z — tt • 

' n\w/ ,„w'^ nvo'^^'^ ^(w — z) 

k=0 ^ ' 



For each b e (0, 2), we can split the above integral: 

m+n—1 



- V |P(/c)|2 = hm,n{z,w)d{u X l/){z,w) + \ hm,n{z,w)d{iyXv){z,w), 



k=m 



where As = {{z, w) e T"^ : \z — w\ < 6} and Bs = {{z, w) e : \z — w\ ^ S}. Note that \w — z\ ^ 6 and 
l^n _ 2;"| ^ 2 for {z,w) G Bs- Hcuce \hm,n{z,w)\ < ^ for {z,w) e Bg. Thus 



hm,n{^,w)d{l^ X L'){z, 



W] 



On the other hand, for every z,w eT and n e N, hm,n{z,w), being the average of several elements of T, 
satisfies \hjn,n{z,w)\ < 1. Hence 



JAs 



Combining the last three displays, we get 

-. m+n-l n 

- S Rfc)l'^^ + (^x^)(A,). 

k=m 

Since u is purely non-atomic, we have lim(z^ x i/)[As) = 0. Thus we can find 5 e (0,2) such that 

(5— >0 

{v X iy){As) < ^. Having S fixed, we pick neN such that < By the above display, 

J m+n-l ^2 ^2 

— ^ l^^(^)P < IT + IT = '^^ every m e Z. 

K=m 



According to the above display, among n consecutive numbers there is at least one strictly less 

than e. Hence the set {n e Z : < e} is syndetic, which proves Claim (|3.10p . 

We also need the following fact. 

Let u he a Borel probability measure on T with infinite support, r e (0, 1), 

m e N, A ^ Z be syndetic, and {'Wn}neA, n>m be a sequence in D. (3-11) 
Then there exist a e L^{iy) and n e A satisfying n > m, \\a\\i = 1 and ai>{n) = rwn- 

Let K be the support of u. For each n e Z denote = {z" : z e K}. It is easy to see that the 
set Bn = {az)(n) : a e L^{h'), \\a\\i = 1} is convex, is contained and is dense in the convex span of X". 
In particular, Bn contains the interior of the convex span of iC". Since r < 1, we can pick q e 'N large 
enough in such a way that rB is contained in the interior of the convex span of the points e^'^*-'/'^ for 
1 ^ j ^ q. Then there is e > such that rD is contained in the convex span of ui, . . . ,Uq whenever 
1^ — e^'^*-'/'''! < e for 1 ^ j ^ q — 1. By Corollary 13.81 we can find n e A and z, zi, . . . , Zg e K such that 

n > m and Hr - e^'^*^/'' < e/2 for 1 ^ 7 ^ g. It follows that 4 - e^'^*^/^ < e for 1 ^ j ^ o - 1. Thus 
rD is in the convex span of z", . . . , . Hence rD 1= B^- In particular, rw^ e B^ and therefore there is 
a 6 L\{y)^ such that ||a||i = 1 and av{n) = rWn, which completes the proof of Claim (13. lip . 

Since each of the maps a ^ Rnojlin) from L\[fi) to C is continuous. Theorem U ensures that in 
order to complete the proof Lemma 13.131 it suffices to verify that 

A = {(a, Rnafl{n)) : n e N, a e L^(/i)} is dense in L\{fi) x C. 

Fix arbitrary a e L\{n), z e C and e > 0. By (ISTOll . A = {n e Z : afi{n) < |} is syndetic. Since 
— > 00, there is no e N such that |-^^| < \ for each n ^ no- Thus 

e ^D, for every ne A satisfying n > no, where Wn = -w-7 ~ "^f"'' ■ 

^ -1X71, c c 

By (|3.1ip . there is /3 e L^^u) and n e A satisfying n > no, ||/3||i = 1 and f3fi{n) = Wn- Using the definition 
of Wn, we can rewrite the last equality as hjjL{n) = z, where b = a + ef3. Then (6, z) e A and ||6 — a||i = e. 
Since e > is arbitrary, (a, z) belongs to the closure of A. Since a e L^{fJ-) and z e C are arbitrary, A is 
dense in L^{fJ-) x C, which completes the proof. □ 



4 Proof of Theorems 11.91 and 11.101 

We start with the following lemma, which must be known. We include the proof for the reader's conve- 
nience and since we were unable to find it in the literature anyway. 

Lemma 4.1. Let {ei, . . . ,en} be a basis in an n- dimensional Banach space X and {e*,...,e*} be the 
dual basis in X* : e*{ek) = Sj^k- Then for every c e R" such that ci + . . . + c„ = 1, there is (a;, /) e Ii[X) 
for which c*{x)f{ej) = cj for 1 ^ j ^ n. 

Proof. It is easy to check that {(e*(3;)/(ei), . . . , e*(x)/(e„)) : (x,/) e n(X)} is a closed subset of C". 
Hence it is enough to prove the result in the case Cj > for every j. From now on we shall just assume 
that Cj > for 1 ^ j ^ n. Consider the continuous map 

n 

F : a: ^ [-oo,+oo), F{w)= I] c,- log |e*H|. 

i=i 

Since B{X) is compact and the map t ^ F{tx) increases on [0, 1] for each x e S{X), F\^^^^ attains its 
maximal value at some point x e S{X). Obviously, e*(x) 7^ for 1 ^ j ^ n. Consider 

/eX*, fiy)= t ^ for ye A. 



Clearly, /(x) = 1 and e*{x)f{ej) = Cj for 1 ^ j ^ n. In order to clinch the proof it suffices to show that 
I/I is bounded by I on S{X). Indeed, then (x,/) e n(X) and (x,/) satisfies all desired conditions. 

Assume the contrary. Then there is y e 'S'(-'^^) such that f(y) is real and /(y) > 1. Clearly, x + tu e 
B{X) for every t e [0, 1], where u = y — x. Moreover, f{u) = f{y) — /(x) = f{y) — 1 > 0. Since F\^^x) 
attains its maximum at x, F(x + tu) ^ F{x) for t e [0, 1] and therefore 

limsup ^("+*"^^(") ^0. 

e*(x) 

Choose z e T other than 1 or each of . i, let C_ = C\z]R_|- and = {w e X : e*{w) e 

ICj 3 

C- for 1 ^ j ^ n}. Set log to be the standard (real on the positive half of the real line) branch of the log- 

n 

arithm on C_. Then is exactly the real part of the function G : X_ C, G{w) = ^ cj loge*{w). 

Since x + tu e X_ for each sufficiently small t, the function H(t) = G{x + tu) is defined in a neighborhood 
of 0. Differentiating, we obtain 



lim n-+tu)-F{.) ^ Rg^/(o) = Re 2] c,| log(e*(x) + te*{u)) 



d 



t=0 



The obvious contradiction between the last two displays completes the proof. □ 

Lemma 4.2. Let T e L[X), Ai, . . . , A„ e (Tp(T) and ci, . . . , c„ e M+ satisfy ci + . . . + = 1. Then there 
exists (x, /) e n(X) such that f{T^x) = ciX^f + . . . + c„A^ for every k e Z+. 

Proof. Without loss of generality we can assume that \j are pairwise distinct. Choose ej e S{X) such 
that Tej = XjCj for 1 ^ j ^ n. Since Xj are pairwise distinct, ej form a basis of the n-dimensional space 
E = spanjei, . . . ,e„}. Let e*, . . . ,e* be the dual basis in E*: e^(ej) = 5ij. By Lemma [4.1^ there is 
{x,g) e n(i?) such that e*{x)g{ej) = Cj for 1 ^ j ^ n. By the Hahn-Banach Theorem, there is / e X* 
such that f\^ = g and ||/|| = 1. Since ||.x|| = 1 and /(x) = ^(x) = 1, (x,/) e n(X). Finally, using the 
equalities ej{x)g{ej) = Cj, we get 

f{T^x) = g{T"-x) = 5t(e*(x)Aiei + . . . + e*(x)A^e„) = ciA^ + . . . + c„A^ for each k e Z+. □ 



4.1 Proof of Theorem 11.91 

Let T e L{X) and Ai, A2 e ap{T) be such that |Ai| = IA2I = R> 1 and z = w = ^ are independent 
in T. Then we can pick linearly independent 61,62 e X such that Tei = A161 and T62 = A262. By 
Lemma l3.lt there are a, 6 e T for which 

O = {R^'iaz'' + hw"") : n e Z+} = {aX^ + bX^ : n e Z+} is dense in C. 

By the Hahn-Banach Theorem, there is / e X* such that /(ei) = a and /(e2) = b. Then 0(T, 61+62, /) = 
{aA" + 6A2 : n e Z+} is dense in C. By Proposition II. 5^ T is weakly numerically hypercyclic. That is, 
()1.91 1) is sufficient for the weak numeric hypercyclicity of T. 

Assume that T e L{X) satisfies ()1.9I 2). That is, there exist independent Ai,A2 e T such that 
ker(T — Xil)^ ker (T — Xil) and ker (T — A2/)^ ¥= ker (T — A2/). An elementary linear algebra 
argument allows us to pick linearly independent 61, 62, 63, 64 e X such that (T — Ai/)6i = {T — X2l)ez = 0, 
(T - Ai/)62 = A161 and (T - A2/)64 = A263. Then r"e2 = A5'(62 + nei) and T"64 = A^^(64 + ^63) for 
every n e N. By Lemma l3.ll there are a, 6 e T such that {n(aA" + 6A2) : n e N} is dense in C. By the 
Hahn-Banach Theorem, there is / e X* for which 7(64) = /(e2) = 0, /(61) = a and 7(63) = b. Then 
/(r"(e2 + 64)) = n{aX1 + 6A^) for every n e N. Hence 0(T, 62 + 64, /) is dense in C and T e WNH{X) 
according to Proposition 11.51 Thus ()1.9I 2) is sufficient for the weak numeric hypercyclicity of T. 



Assume that T e L{X) satisfies (|1.9I 3). Then there exist Ai,A2,A3 e OpiT) such that |Ai| = IA2I = 
R > IA3I = r > 1, ^ has infinite order in T and s = y = ^ are independent. If s and u = ^ 
are independent, then (11.91 1) is satisfied and therefore T is weakly numerically hypercyclic. It remains 
to consider the case when s and u are not independent. In this case there are z,f,geT and l,j e Z 
such that / and g have finite order, s = fz^ and u = gz^ and I ^ j. Since ^ has infinite order, we have 
/ 7^ j and therefore / > j. Since s and y are independent, z and y are independent. Since / and g have 
finite order, there is an even d e N such that = g"^ = 1. Then s'^"' = z^'^z'^'^, n'^" = z^^'^z'^'^ and 
ydn ^ £qj, gygpy £ where /c = — j) e N, m = f + j) e Z and if = y'^ e T. Since z and y are 
independent, z and are independent as well. By Lemma 13.21 there exist a, 6 e T such that 

O = {i?'^"z™'^(az'^" + a-^z-^"") + 6r'^"u;" : n e Z+} is dense in C. 

Since Ai, A2 and A3 are distinct eigenvalues of T, we can pick linearly independent 61,62,63 e X such 
that Tei = A161, re2 = A2e2 and T63 = A3e3. By the Hahn-Banach Theorem, we can find h e X* for 
which h{ei) = a, h[e2) = a^^ and h^a) = b. Then for each n e Z+, 

/i(r'^"(ei + 62 + 63)) = aAf + a-^f + 6Af = i?'^"z™"(az^" + a-^^-'^") + br^V. 

Thus O is a subset of 0{T, ei + 62 + 63, h). Hence 0{T, ei + 62 + 63, h) is dense in C and T e WNH{X) 
according to Proposition 11.51 That is, ()1.91 3) is sufficient for the weak numeric hypercyclicity of T. 

Finally, assume that T e L{X) satisfies ()1.91 4). That is, there exist Ai,A2 e <^p{T) and A3 e T 
such that |Ai| = IA2I = > 1, ^ has infinite order in the group T, s = A3 are independent and 
ker (T — Asl)^ ^ ker (T — A3/). Exactly as in the proof of the previous part, we can find d,k e N, m e Z, 
and independent z,w eT such that s'^" = z^^z"^^, ti'^" = z^^'"'z^^ and y = for every n e Z+, where 
u = ^ and 2/ = A3. By Lemma 13.21 there exist a, 6 e T for which 

O = {i?'^"z™"(az'=" + a-^z-^"^) + bdnw"" : n e Z+} is dense in C. 

Pick linearly independent 61,62,63,64 e X such that Tei = Aiei, Te2 = A262, (T — A3/)63 = and 
(T — A3/)64 = A363. By the Hahn-Banach Theorem, we can find h e X* for which h{ei) = a, h{e2) = a~^, 
/i(63) = b and /i(64) = 0. Then for each n e Z+, 

/i(T'^"(ei + 62 + 64)) = aAf + a^Uf + bdnXf" = i?'^"z"^"(az*^" + a^^z"*^'") + bdnw''. 

Thus O is a subset of 0{T, ei + 62 + 64, h). Hence 0{T, ei + 62 + 64, h) is dense in C and T e WNH{X) 
according to Proposition 11.51 Thus (jl.91 4) is sufficient for the weak numeric hypercyclicity of T. The 
proof of Theorem 11.91 is complete. 

4.2 Proof of Theorem [TTO] 

Assume that T e L{X) satisfies (fTTOl l). By Lemma [121 there is (x, /) e U{X) such that /(T'^x) = 
ciXi + . . . + c„A^ for each k e Z+. Hence 0{T, x, f) is dense in C and T e NH{X). Since every operator 
similar to T satisfies the same conditions, T e SNH{X). Thus (11.101 1) implies the strong numeric 
hypercyclicity of T. For further references we prove the following slight modification of this result. 

Lemma 4.3. Let T e L(C"') be the diagonal operator with the numbers Ai,...,A„ on the diagonal. 
Then T e NH{C^) if and only if T e SNH{C^) if and only if there exist ci,...,c„ e M+ such that 

Z_|_} is dense in C. 

Proof. If there exist ci, . . . , c„ e M+ such that {ciAj^ + . . . + e„A^ : k e Z+} is dense in C, (|1.101 1) is 
satisfied, which implies that T e 57VF(C") and therefore T e NH {€"■). Now assume that T e NH {€"■). 
Then there is x e S'(C"') for which NO{T,x) is dense in C. A direct calculation shows that NO{T,x) = 
{|xipA^ + . . . + |x„pA^ : k e Z+}. That is, {ciAj + . . . + c„A^ : A; e Z+} is dense in C with cj = |xjp. □ 

Assume that T e L{X) satisfies ()1.101 2). Then there exist Ai, A2, A3 6 Up{T) such that |Ai| = IA2I = 
IA3I = i? > 1 and ^) tI are independent. By Lemma [3.31 there are 61,62,63 e M+ such that 
{ci\\ + C2X2 + esAf : fc e Z+} is dense in C. Thus ([Oni n is satisfied and T e SNH{X). That is, ([LTnl 2) 
implies the strong numeric hypercyclicity of T. The proof of Theorem II.IUI is complete. 



5 Proof of Propositions 11.111 and 11.121 



Throughout this section Ti is a Hilbert space and T e L{J-i). 



5.1 Proof of Proposition [T.lll 

Assume that Ai,A2 e '^p{T) are such that |Ai| = IA2I = ii > 1, the eigenspaces ker (T — Ai/) and 
ker (T — A2/) are non-orthogonal and ^ are independent in T. Pick x,y e S(T-L) such that Tx = Xix, 
Ty = \2y and (x, y) = c > 0. Note that there is e = e(c) > such that the set { i+cm"i : m e T} contains 
Je = {e*^ : —e < 9 < e}. By Lemma [3TT1 there is a e such that the set O = {A" + a/i" : n e Z+} is 
dense in C. Since a e J^^ there is ti e T such that a = i^^J^i ■ Consider the vector q = e S^H) 

and denote b — 11^ ~l" U'VW ■ Then for each n G 

<r"g,g> = 6<A"x + 'u/i"y,x + uy) = + ot)A" + (1 + cn-i)/i") = + cn-i))(A" + a^"). 

Thus the density of O imphes the density of NO{T,q) and therefore T e NH(C'^). This completes the 
proof of Proposition ll.lli 



5.2 Proof of Proposition 11.1^ 



Assume that Ai, A2 e C are such that ker (T — Aj/)^ 7^ ker (T — Xjl) for j e {1,2}, |Ai| 



IA2I ^ 1 



and nrr, are independent in T. Since ker (T - Xjiy ^ ker (T - Ajl), there are two 2-dimensional 



T-invariant subspaces E\ and £^2 of '}i such that Ei n E2 = {0}, (T — Aj/)^ 



and {T-Xjl)\ ^ 



for J e {1, 2}. In particular, Lj = E,j n ker (T — Aj/) are one-dimensional for je{l,2}. \i L\ and L2 are 
non-orthogonal, T e NH{T-L) according to Proposition 1 1 . 1 11 It remains to consider the case when Li and 
L2 are orthogonal. It is straightforward to see that there are ei, . . . , 64 e S{l-L) such that ei 6 Li, 63 6 L2, 
{61,62} is a linear basis in {63,64} is a linear basis in £"2, (61,62) = (61,63) = (63,64) = 0, while 
9i,4 = (61,64), 32,3 = (^2,63) and 32,4 = (^2,64) are non-negative real numbers. The above properties 
of the restrictions of T to Ei and E2 yield the existence of non-zero a,/3 e C such that Tei = Aiei, 
T62 = Ai(62 + aei), T63 = A263 and r64 = A2(e4 -I- fie^). Then 

(T"x, x) = A"(|a|^ -I- \b\^ + gi^^ad + g2;ibc + g2,ibd + anb{a + 51,4^)) 



+ A^(|c|2 + |d|2 
for a, b,c,de 

Consider the degree 2 R-polynomial map 



gi^dM + g2,3cb + g2,idb + f3nd{c + 52,3^)) 
and n e N, where x = aei + 662 + 663 -I- ^64. 



(5.1) 



$ : 



b 

c 

\d J 



( Re(|ap + |6|2 
Re(|c|2 + \df 
ab{a + gi^id) 
V /3d{c + g2,3b) 



■ giAad 
gi^dE 



g2,3bc 
■ g2,3cb 



52,4^) \ 

g2Adb) 

J 



First, observe that ^>(1,0, 1,0) = (1, 1,0,0). Looking at <I> as at a function of 8 real variables Rea, Ima, 
Re 6, Im6, Rec, Imc, Red and Imd taking values in with the components ordered as $1, $2, Re^*3, 
Im$3, Re $4, Im$4, we can calculate the Jacobi matrix (i$ of $ at the point (1,0, 1,0): 



d^>(l, 0,1,0) 



/ 2 52,3 

52,3 

Rea 

Ima 



V 




2 



-Ima 
Rea 



51,4 
51,4 




Re/3 








Tm/3 



Im/3 Re/3 / 



Since the complex numbers a and /3 are non-zero, it is an easy exercise to see that the rank of the above 
6 by 8 matrix is 6. Indeed, after removing the two zero columns, we are left with an invertible 6 by 6 



matrix. The Implicit Function Theorem says that there is e > and a smooth (even real-analytic) map 
: W = {1 - e,l + e) X {1 - e,l + e) X en X eB ^ such that ^(1,1,0,0) = (1,0,1,0) and ^o^r = Idiy. 
Now we define 

a,b,c,d : eD ^ C, {a{z),b{z),c{z),d{z)) = ^'(1, 1, z, z). 
The equality <I) o \I/ = Idw yields 

ab{z) (^ + 51,4^) = z, I3d{z) (^ + 92,^^)) = z, (5.2) 
Re (|a(z)|2 + |&(^)|' + giM^W) + 92,zb{z)E{z) + g2,ib{z)d{z)) = 1, (5.3) 
Re (|c(z)|2 + |d(z)|2 + 5i_4d(z)^ + 52,3c(z)6(i) + g2Ad{z)b{z)) = 1 (5.4) 

for every z e eD. Denote 

tp{z) = |a(z)p + \b{z)\'^ + gi^4a{z)d{z) + g2,zb{z)c{z) + g2Ab{z)d{z) for z e eB. 
Using ()5.3p and ()5.4p . we obtain 

ip{z) = |c(z)|^ + \d{z)\'^ + gi^4d{z)a{z) + g2,3c{z)b{z) + g2,4d{z)h{z) for z e eO. 
By the above two displays, (|5.ip and (|5.2p . 

<r"x(2;),x(z)> = A"((/j(z) + nz) + X2{^{z) + nz) for every z e eO and n e N, 

where x(z) = a(2;)ei +b{z)e2 + c(z)e3 + (i(z)e4. Applying Lemma [37il with z = -j^, w = i?„ = n|Ai|", 
i^n = I All" and U = eB, we find that there is n e eB such that 

O = {A"((/?(u) + nu) + A2 ((/?(«) + nH) : n e N} is dense in C. 

By the above two displays NO(T, y), being a positive scalar multiple of O, is dense in C, where y = 
Thus T e NH{'H). The proof of Proposition 11.121 is complete. 



6 Proof of Theorem [T:20] 

Lemma 6.1. Let {xn]nen be a weakly convergent sequence in a Banach spaces X , which is not norm- 
convergent. Then for every sequence {r„}nsN of positive numbers such that Vn — > 00, there is f e X* such 
that {rnf{xn) : e N} is dense in C. 

Proof. Let Sn = supjdist {xm, Ln) ■ m > n}, where L„ = span {u, xi, . . . , x„} and u is the weak limit of 
{xn}. Clearly, {s„} is a decreasing sequence of non-negative numbers and therefore Sn —>■ 2s ^ 0. It is 
an elementary exercise to show that the equality s = implies the norm convergence of {xn} to u. Thus 
s > and passing to a subsequence, if necessary, we can assume that dist (x„+i, L„) ^ s > for every 
n e N. This estimate combined with the Hahn-Banach Theorem provides /„ e X* such that /n(a^n) = 1, 
fniu) = 0, fn{xj) = for j < n and ||/„|| ^ i. Since /„(«) = and Xk ^ u weakly, we have fn{xm) 
as m — > cx). Thus we can choose a strictly increasing sequence {nk}keN of positive integers such that 
l/nfc(^nm)l < 2^"^ whenever m > k and rn^. > 2^ for each k. 

CO 

Now we shall verify that the map R : ^-'^(N) £^(N) defined by {Ra)m = Xi ^kfuki^nm) is a well- 

fc=i 

00 

defined continuous linear operator. Indeed, since {/n^} is bounded, for every a e ^^(N), the series o,kfnk 

00 

is absolutely convergent in X* and therefore defines (7a = Xi o-kfuk ^ ^* ■ Thus a ^ {Ra)m = ga^Xn^) 

fc=i 

is a continuous linear functional on ^-"^(N). Next, 



^ 2 \'^k\\fnk{Xnm)\- 

k,me^, k^m 



Since \fnkixn^)\ < 2 for m > A; and \fnj,{xnm)\ = for m < A:, the above display yields 

00 00 -I 00 



\\Ra-a\U^J]\a,\ ^ 2— ^ - ^ 



k=l m=k+l fc=l 



Thus R is bounded. Furthermore, — /|| ^ ^ < 1 and therefore R is invertible. 

Pick a dense sequence {tDfcjfceN in C such that \wk\ ^ /c for every k e N. Then the sequence 6 defined 
by bk = belongs to £^(N) since r„j. > 2^. Since R is invertible, there is a e ^^(N) such that Ra = b. 

That is, 9a{,Xnm) — b-m for every tti g N. According to the definition of brm Qairn^Xrif.) = Wk for each 
/c e N. Hence {rnQa^Xn) : n e N} is dense in C. □ 

Lemma 6.2. Let X and Y be Banach spaces and {Tn}neN be a sequence of continuous linear operators 
from Y to X . Assume also that 

^ = \ (v, f) e Y X X* : liminf = Q i is not nowhere dense inY x X* . 

Then there is (y, f)eYx X* such that {f(Tny) : n e N} is dense in C. 

Proof. Since J7 is not nowhere dense, n {/ is dense in U for some non-empty open set U <^ Y x X* . 
Let V be an arbitrary non-empty open subset of U. We shall prove that 

there exist n e N and (x, f)^V such that n > m and f{Tnx) = z. (6-1) 

Since n [7 is dense in [7, we can pick (/i, u) e $7 n y. By definition of fi, there is an infinite subset A 
of N such that 

lim ||T„|| = 00 and lim = 0. 

For every n e A, choose yn e 5'(y) for which 2||r„?/„|| ^ ||7n||- For each n e A, the Hahn-Banach Theorem 
provides /i„ e S'(X*) such that hniTnyn) = \Tnyn\- In particular, 2hn{Tnyn) ^ ||7n|| ^ oo as n ^ oo, 
n e A. 

Case 1: liminf |^^^^^ > q. 

neA 

In this case there are an infinite subset i? of A and c > such that |/i(r„y„)| > 2chn{Tnyn) for 
each n e B. For n e B denote = ^hir^y'^) ■ From the above display and the inequality |/i(r„y„)| > 
2chn{Tnyn) ^ cUT^H it follows that 5„ ^ as n — > 00, n e Then we can choose n e B such that 
n > m and (u + /i) e V. Plugging the definition of (5„ into the expression h{Tn{u + 6nyn)), we after 
cancellations get h{Tn{u + 6nyn)) = z. Thus n and (x, f) = {u + 5nyn, h) satisfy (|6.ip . 

Case 2: liminf > 0. 

neA 

In this case there are an infinite subset B of A and c > such that |/i„(T„u)| > 2chn{Tnyn) for 
each n e B. For n e B denote 5„ = . From the above display and the inequality |/i(T„u„)| > 

2chn(Tnyn) ^ c||T„|| it follows that 5„ ^ as n — > oo, n e Then we can choose n e B such that 
n > m and (u, /i -|- 5n/in) £ V- Plugging the definition of 6n into the expression {h + 6nhn){Tnu), we after 
cancellations get {h + 6nhn){Tnu) = z. Thus n and (x, /) = {u,h + 6nhn) satisfy (|6.ip . 

Case 3: P^^^ and ^0 as n ^ oo, n e yl. 

Fix 5 > such that (n x (/i + c y. In our case hn{Tn{u + 5yn)) = hn{Tnu) + 

Shn{Tnyn) for all sufficiently large neA. This allows us to define 

^ z-h{T„{u+5yn)) ^ z~h{T„u)^Sh{T„y„) 
h„{T„{u+Sy„)) Shn{Tny„)+hn{T„u) ' 

Since ,^^/^^"\ ^ and .^"/J""-*, -> as n ^ oo, n e ^, we have r„ ^ as n — > oo, n e A. 
Thus we can pick neA such that n > m and |r„| < (5. Set x = u + 5y„ and f = h + rnh^. Since 



(u + 5B{Y)) X [h + 6B{X*)) c= V, we have (a;,/) e V. Finally, plugging the definition of r„ into the 
expression fiTnX) = {h + rnhn){TnU + dTnUn), we after cancellations get f{TnX) = z. This completes the 
proof of Claim (16. ip . 
According to ()6.ip . 

A = {{y, f, f{Tny)) : {y, f)eU,ne Z+} is dense in [/ x C. 

By Theorem \], W = {{y,f) e [/ : {fiTny) ■ n e Z+} is dense in C} is a dense Gs subset of U. In 
particular, W and there is (y, /) e y x X* such that {f{Tny) : n e N} is dense in C. □ 

Corollary 6.3. Let T e L{X), A be an infinite subset o/ N and {xk}keN be a sequence in X such that 
T"xfc 7^ for every (n, k) e Z+ x N and 

ll^n^ II 

llT^xi II 00 and for each k e N, ||j^n^^|| ^ oo as n ^ cc, n e A. (6-2) 
ThenTe WNH{X). 

Proof Let E = spanjxfc : A; e N} and F be the closure of E. By 1^2^, ||T"x|| = o(||r"|y||) for each xe E 
as n — > 00, n e A. By Lemma 16.21 applied to T„ = : y X, there are (x, /) e y x X* such that 

{/(r"x) : n e Z+} = 0(r, x, f) is dense in C. Hence T e Wi^(X). □ 

Corollary 6.4. Let T e L(X) be such that \x e X : lim inf iil^nr^ = oi is dense in X. Then 

Proof. Just apply Lemma 16.21 with Y = X and r„ = T". □ 

Assume that (jl.20[ l) is satisfied. Then there is a sequence {znjneN in c^piT) such that 1 < < 
\z2\ < ... Pick Xfc e S{X) such that Tx^ = ZkXk for each A; e N. Then HT^xiH = l^il" ^ oo and 
"jy^^+ll" = ^ " ^ 00 as n ^ 00. By Corollary T e WNH{X). Thus (fOnl l) implies the weak 
numeric hypercyclicity of T. 

Assume that (II. 201 3) is satisfied. That is, there is a cyclic vector x for T satisfying liminf ^"'^.lii?^,,^^^ = 0. 

n^oo M II 

Let p e C[z] and y = p(T)x. Then ||T"?/|| ^ ||p(T) || ||T"x|| and therefore liminf = 0. Since the 

set {p{T)x : p e C[z]} is dense in X, T e WNH{X) by Corollary [631 Thus ([L20l3) implies the weak 
numeric hypercyclicity of T. 

Assume that (11.201 4) is satisfied. That is, there are x e X and an infinite set j4 c N such that 
||T"x|| — >ooasn^oo,neA and the sequence { | | t"z| | }neA weakly convergent but is not norm 
convergent. Let r„ = ||T"x|| and x„ = |^7Tf|- Then {rn}neA converges to oo, while {xn}neA converges 
weakly but not in the norm. By Lemma 16.11 there is / e X* such that {r„/(xn) : n e ^} is dense 
in C. Since {r^ f{xn) : n e ^} is a subset of 0{T,x,f), 0{T,x,f) is dense in C. By Proposition [LH 
T e WNH{X). Thus (jl. 201 41 implies the weak numeric hypercyclicity of T. 

Finally, assume that (11.201 2) is satisfied. That is, there is r > 1 such that crp{T) n rT is infinite. 
Then we can choose a countable infinite set M <^T and e S{X) such that Te^ = rzcz for each z e M. 
Note that Cz are linearly independent. Let E = spanje^ : z e M}. Then the closure of ii^ is a closed 
T-invariant subspace. By Proposition II. 6^ it suffices to prove the weak numeric hypercyclicity of the 
restriction of T to the closure of E. Thus, without loss of generality, we can assume that E is dense 

IIT^II 1+IIT^xll 

in X. If limsup = oo, then liminf — " = for every x e E since HT^xH = 0(r"). In this case 



n^co 



T e WNH[X) by Corollarv 16.41 It remains to consider the case limsup^^^''■ < co. Then there is c ^ 1 



such that ||T"|| ^ cr^ for each n e Z+. For every z e M, consider the unique linear functional e* : E ^ C 
such that el^Cz) = 1 and e*{eyj) = {) \i w ¥^ z. First, we shall prove that each e* is bounded and satisfies 

m 

||e*|| ^ c. Assume the contrary. Then there is zq e M and x = ^ CjZj {zj are assumed pairwise distinct) 

j=0 



such that ||x|| = 1 and cq = e* (x) = a > c. Since \\T'^\\ ^ cr*^, we have ^ c for each n e Z_^., where 



X 



n - ZQ^r-^n = ae,, + I] c^zp^^^e,.. Then 



fc— 1 m fc— 1 

^ ck for each A; e 

n=0 j=l n=0 



By the triangle inequahty, 



fc— 1 m \„ 111 „k^~k\ m 



iC- 1 — Z Z~ 2lr I 

fca ^ fee + 2 \cj\\Y, z:^zl^ =ck+Y, ^—TT ^ck + Y, i — "^^"^^^ ^ ^■ 

j=i 'n=o i=i |l~^i^o I j=iFi-^o| 

Since the last sum does not depend on k, it follows that a ^ c. This contradiction proves that each 
e* is bounded and has the norm at most c. Hence we can uniquely extend each e* to X by continuity 

and thus treat them as elements of X* . By Lemma 13.101 there is a e £^{M) such that ^ -\/aI < oo 

zeM 

and O = Ir^ ^ o-zZ^ : A; e N[ is dense in C Since ^ ^/a^ < oo, He^H = 1 and ||ej|| ^ c for every 

zeM ' zeM 

z e M, the series x = ^ \fa~z&z and / = Xi \/^^* converge absolutely in the Banach spaces X and 

zeM zeM 

X* respectively. Using the equalities Te^ = rze^ and e,\{&w) = (^z.w) for z,w e M, we have 

/(T'^x) = ?'''/(^ 2 Vo^^^^e^) = '^'^ V«^^''e*(et„) = r'' 2 a^z'' for each ken. 

weM z.weM zeM 

Hence 0{T,x,f) = O is dense in C. By Proposition [L6l T e WNH{X). That is, ([001 2) implies the 
weak numeric hypercyclicity of T. This completes the proof of Theorem 11.201 

7 Proof of Theorems [TTS] and [T34] 

First, we shall establish some obstacles for an operator to be weakly numerically hypercyclic. 

Lemma 7.1. Let T e L{X) and X = Y @Z , where Y and Z are closed T-invariant subspaces of X such 
that T^y e L{Y) is power bounded, Z is finite dimensional and the distinct eigenvalues ofT\^ e L{Z) 
have distinct absolute values. Then T ^ WNH[X). 

Proof. Since the eigenvalues of have distinct absolute values, we can write (t(T|^) = {zi, . . . , Zm} 
with \zi\ < ... < \zm\. Considering the Jordan normal form of T\^, it is easy to see that for every x e X 
and / e X* there exist y e Y, g e Y* and polynomials pi, . . . ,Pm e such that 

m 

/(T"x) = 5(T"2/) + X; pj{n)z'l for every neZ+. 
i=i 

If pi = ... = pm = 0, {f{T"'x)}neZ+ = {9{T""y)}neZ+ is bounded since is power bounded. Thus 
0{T,x,f) is bounded in C. Otherwise, we can choose q e N such that 1 ^ q ^ m, pg ¥= and pj = 
whenever j > q. Then 

/(r"x) = 5(r"y) + z^(pgin) + '^Pj{n){^y) for every n e Z+. 



Since ^0, {5(T"y)} neZ+ is bounded and | j^-j < l for each j in the above sum, the last display ensures 
that {/(T"'x)}neZ+ is bounded if \zq\ < 1 and if \zq\ = 1 and pq is constant and that \f{T'^x)\ ^ oo as 
n — > 00 otherwise. In any case 0(T, x, /) is non-dense in C and therefore T ^ WNH (X) . □ 

Lemma 7.2. Let f be a holomorphic function defined in a neighborhood ofT and B be a discrete closed 
subset o/M ( = a subset o/M with no accumulation points). Then Bf(T) is nowhere dense in C. 



Proof. If / is identically 0, the result is trivial. Otherwise / has only finitely many zeros si,...,Sk 
(if any) in T. Looking at the Taylor expansion of / about Sj, we see that for each j, f[z) = aj{z — 
Sj)^^{l + 0{z — Sj)) as z ^ Sj, where Oj e C\{0} and kj e N. Let v e C\{0} be an accumulation point 
of Bf{T), which does not belong to Bf(T). Then it is easy to see that v = limr„/(i(;„), where {r^jneN 
and {it'nlneN are sequences in B and T respectively such that |r„| —>■ oo. Convergence of {rnf{wn)} yields 
f{wn) -> 0. Passing to a subsequence, if necessary, we can assume that Wn —>■ Sj as n —>■ cc for some j. 
Then rnf{wn) = rnCjiwn — Sj)^^{l + 0{wn — Sj)) as n — > cx). This equality together with rnf{wn) v 
implies that ajV~^{iwj)^^ 6 M. That is v belongs to the union A of the lines aj{iwj)^^M. for 1 ^ j ^ A;. 
Hence Bf(T) u A is closed in C. Furthermore, for every line L through the origin, which is not in A, 
L n [Bf(T) u A) is countable. It follows that Bf(T) u A has empty interior and therefore, being closed, 
is nowhere dense in C. Thus Bf(T) is nowhere dense in C. □ 

Lemma 7.3. Let R > r > 1, a,b,c e C and k,m,j e Z. Then the set = {R^{az^ + hz^) + cr"^-' : n e 
z e T} is nowhere dense in C. 

Proof. It is clear that the set of accumulation points of Vt that do not belong to 17 is contained in the set 
A of lim (^R"-''{aZg + bz^) + cr^iZq), where {zqIgeN is a sequence in T and {n^lggN is a strictly increasing 

sequence of positive integers. Since the closure of Vt coincides with ilu A, it suffices to show that A has 
empty interior. Since the set O does not change if we replace z by z^, we can, without loss of generality, 
assume that k and m are even. 

If |a| 7^ |6| , then every sequence in the last limit runs off to infinity and therefore A = 0. Same happens 
if a = 6 = and c ^ 0. In these cases u A = has empty interior as a union of countably many smooth 
curves. If c = 0, the desired result follows from Lemma [7. 2[ The case A; = m is trivial. Thus without loss 
of generality, we can assume that k ^ m, \a\ = \b\ = 1 and c ^ 0. Let v = lim R^'i{az^+bz^)+cr""'zl e A. 

Since > r > 1, this limit can only exist if az^ + bz^'' 0. Passing to a subsequence, if necessary, we 
may assume that Zq ^ w and aw^ + bw"^ = 0. Since k and m are even, we can write k = s + t and 
m = s — t, where s = e Z and t = ^^^^ e Z\{0}. As with every pair of elements of T, we can find 
a, /3 e T such that a = /3a^ and b = (3a^^ . Then 

R^^iaZq + bz^) + cr^'^zi = ^a'" R"-''{ul + Uq^)Uq + cr'^'^a^^vP^, where Uq = azq. 

Then Uq ^ x with x* + x^* = and R^''{u^q + u^^) + dr^^u^^ gv, where I = j — s, d = ca^^^ (3^^ and 
g = a*/3~^. Since Uq — > x, we can write Uq = xe^''^, where {pq} is a convergent to sequence of real 
numbers. The equation a;*+x^* = implies that x* = i or x* = —i. Passing to a subsequence, if necessary, 
we can assume that either each pg is positive or that each pq is negative. We consider the case when each 
Pq is positive and x* = —i (the other 3 cases are similar). Since 2ix^R^'> s\\i{tpq) + dr^^x^e^^''^ gv, we 
have 2R^i sm{tpq) + dr^''x^e^P'''^ gv. Since e'''''* — > 1, it follows that dx' = —h, where /i > (otherwise 
\2R^i sm{tpq) + dr'^'^x'-e'-Pi^l oo). Thus {2R^i s'm{tpq) - hr'^t cos{lpq)) - ir^i sm{l pq) gv. Hence 
r"9 sm{lpq) — > -~lm{gv) and therefore r"? sm{tpq) —jlm.{gv). Then either gv is real or {r""? sm{tpq)} 
converges to a non-zero number. In the latter case the boundedness of {2i?"9 sm{tpq) — hr'^t cos{lpq)] 
(which follows from the convergence) implies that R = r^. Indeed, if i? ^ r^, one of the sequences 
{2R""' sm{tpq)} and {hr^i cos{lpq)} runs to infinity faster than the other. In the case R = r^, by looking 
at the Taylor series expansions of sin and cos, one sees that 2i?"'' sin(tpg) — hr^i cos{lpq) = 0{r^^'i) and 
therefore 2R^'i sm.{tpq) — hr'^'' cos(Zpg) 0. Hence Re {gv) = 0. Thus in any case gv is either real or 
purely imaginary. Hence v belongs to the union of two lines (7^^M and ig~^'R. Since there are finitely 
many possibilities to choose x, A is contained in the union of finitely many lines through the origin. Thus 
O u A is a part of the union of countably many smooth closed curves and finitely many lines. Hence 
u A has empty interior, as required. □ 

Lemma 7.4. Let T e L(C") be a diagonal operator with the diagonal entries di, . . . ,dn such that \di\ = 
. . . = \dn\ and for every j,k e {1, . . . , n}, and are not independent. Then T ^ WNH{C"). 



Proof. Let R = \di\. If i? ^ 1, then every numerical orbit of T is bounded and therefore T is not 
weakly numerically hypercyclic. It remains to consider the case R > 1. Since every pair ^ is not 
independent, there are w e T, ui, . . . , m„ e T of finite order and fci, . . . , A;„ e Z such that dj = RujW^^ for 
1 ^ j ^ n. Since uj have finite order, we can pick m e N such that = . . . = = 1. It is easy to see 
that every numerical orbit 0(T,f,x) has the shape 

0(r, /, x) = {aidi + . . . + Ondn : k e Z+}, where aj e C. 

Taking into account that dj = Rujw'^^ and = . . . = = 1, we see that 

»n— 1 

0{T,f,x) = (J Mg, where Mg = {R^'^+''{aiu{w''''^w^'^''^ + ... + a„n>'''="w^""'=") : k e 

n 

Now for ^ g ^ m— 1, consider the Laurent polynomials fq{z) = Yj a.jU^-w'^^^ z^k Clearly Mq c fq(T)Bq, 

3 = 1 

where Bq = ^Jl^'^+i : k e Z+j. By Lemma 17.21 each Mq is nowhere dense in C. By the above display 
0(r, /, x) is nowhere dense in C. Hence T i WNH{<[y ). □ 

Lemma 7.5. Let T e L{C^) he a diagonal operator with non-zero diagonal entries di,d2,d3 such that 
for every j, A; e {1, 2, 3} for which djd^ ¥^ 0, and are not independent. Then T ^ WNH{C'^). 

Proof. If I di 1, 1^2!, 1^3 1 are pairwise distinct, the result follows from Lemma l7.ll If = \d2\ = l^sl, the 
result follows from Lemma |7. 41 Thus we can assume that \di\ = \d2\ ¥^ {d^l. It is easy to see that every 
numerical orbit 0(T,f,x) has the shape 

0(T, /, x) = {aidi + a2d2 + 03^3 : k e Z+}, where aj e C. 

If \di\ = 1^2! < l^al and 0, then the sequence {oid^ + 02^2 + a^d^} is bounded if {d^l ^ 1 and 

converges to infinity otherwise, ensuring that 0{T, f, x) is non-dense in C. If = 0, then we fall 
under the jurisdiction of Lemma 17.41 with n = 2 and again 0(T,f,x) is non-dense in C. In the case 
|c^i| = \d2\ > 1^3 1 and {d^l ^ 1, one can proceed similar to the proof of Lemma 17.41 (we leave this easy bit 
to the reader). It remains to consider the case \di\ = \d2\ > jdsl > 1 and 03 7^ 0. Let R = \di\ = \d2\ and 
r = \ds\. Since every pair and is not independent, there is w e T, ui,U2,U3 e T of finite order 

and ki,k2,k^ e Z such that di = Ruiw^'^ , d2 = Ru2W^^ and (is = ru^w^^. Since uj have finite order, we 
can pick m e N such that = n™ = = 1. Then 

m— 1 

0{T,f,x) = [j Mq, where 

Mq = {R^'^+'i{aiuiw'i^^w'"^^^ + a2ulw'i''^w''"'^^) + r^'^+'^a^uliv'^^-'w^'^^' : k e Z+}. 

Now each Mq is contained in a set of the shape {R^^{az''^ + jiz^^) + r'^^^z^^ : k e z e T} with 
a, /3, 7 e C being constants. Then Lemma 17.31 guarantees that each Mq is nowhere dense in C. By the 
above display 0{T, f, x) is nowhere dense in C. Hence T ^ WNH{C^). □ 



7.1 Proof of Theorem [TTSl 

Let T e ^(C^) and a{T) = {Ai,A2} with Ai,A2 £ C. By Theorem [HI if |Ai| = IA2I > 1 and ^ 
are independent, then T e WNHiC"^). If |Ai| ^ IA2I or Ai = A2, then T i WNH{C^) by Lemma [711 
If |Ai| = IA2I ^ 1 and Ai ^ A2, then T is power bounded and therefore T ^ WNH{<C?). Finally, if 
|Ai| = IA2I > 1, Ai ^ A2 and ,-p|y are not independent, then T ^ WNH{C'^) according to Lemma [77il 

Thus T e WNHiC"^) if and only if |Ai| = IA2I > 1 and ^ are independent in T. 

If {Aj + A| : A; e Z+} is dense in C, then T e SNH{C^) by Theorem [TTOl Assume now that 
T e SNHiC"^). Then T e WNHiC"^) and therefore |Ai| = IA2I > 1 and Ai 7^ A2. Then T is similar to the 



diagonal operator with the numbers Ai and A2 on the diagonal. By Lemma 14.31 there exist a,b ^ such 
that {oA" + 6A2 : n e Z+j is dense in C. Since |aA" + 6A2I ^ \a — it follows that a = b. Hence 

{XI + : ne Z+} is dense in C. Thus T e SNH{C^) if and only if a (T) = {Ai,A2} with{Aj + A^' : k e Z+} 
being dense in C. 

Now assume that T e WNH{C'^) and T is not unitarily equivalent to a diagonal operator. As we 
have already shown, |Ai| = IA2I > 1 and are independent in T. Since T is not unitarily 

equivalent to a diagonal operator, the eigenspaces ker (T — Ai/) and ker (T — A2/) are non-orthogonal. 
By Proposition [mi T e NHiC^). Finally, assume that T e NHiC"^). Then T e WNHiC"^). If T is 
unitarily equivalent to a diagonal operator, Lemma 14.31 implies that T e SNH{C'^). These observations 
amount to the fact that T e NH{C'^) if and only if either T e SNHiC"^) or T e WNH{C'^) and T is not 
unitarily equivalent to a diagonal operator. The proof of Theorem II. 131 is complete. 

7.2 Proof of Theorem ITm 

Let T e L(C^). If there are Ai,A2 e cr(T) such that |Ai| = IA2I > 1 and are independent in 

T, then 1^1) is satisfied and Theorem [L9] implies that T e WNH{C^). If a{T) = {Ai,A2,A3} with 
I All = IA2I > I A3 1 > 1, ^ having infinite order in the group T and being independent in T, 

then ()1.91 3) is satisfied and Theorem 11.91 implies that T e WNH{C^). If distinct members of cr(T) have 
distinct absolute values, then T ^ WNH{C^) according to Lemma |7. II If are pairwise dependent for 

non-zero Xj, Lemma [731 guarantees that T ^ WNH{C'^). Consider the case |Ai| > IA2I = IA3I = R and 
either i? ^ 1 or ^ and ^ are not independent. If i? ^ 1, then each numerical orbit of T is either bounded 
or escapes to infinity at the rate jAil" (provided |Ai| > 1). If i? > 1 and ^ and ^ are not independent, 
then T ^ WNH{C^). Indeed, each numerical orbit of T has the shape {aA" -I- bX'2 + CA3 : n e Z+j if 
A2 A3 and {aX^ + 6A2 + cnA2 : n e Z+} if A2 = A3. In any case if a 7^ 0, this is a sequence escaping to 
infinity. If a = we fall under the jurisdiction of Lemma 17.41 and the numerical orbit is non-dense. If A3 
is 0, the problem is easily reduced to the 2-dimensional situation, already covered by Theorem 11.131 It 
remains to notice that we have considered all the possibilities (up to the ordering of the eigenvalues). 

8 Proof of Theorem [1:23] 

Lemma 8.1. Let {en}neN be a Schauder basis in a reflexive Banach space X , {e*}„eN be the corresponding 
sequence of coordinate Junctionals and a e ^^(N) be such that ^ a„ = 1. Then there is (x,/) e n(X) 

ra=l 

such that e*(x)/(e„) = a„ for each n e N. 

Proof. Let Xn — spanjei, . . . , 6n}- By Lemma 14.11 for every n G N, we can find {xmfjn) ^ n(^^) such 
that e\{xn)gn[ek) = for 1 ^ A: < n and e^{xn)gnien) = 1 — ai — ... — On-i- By the Hahn-Banach 
Theorem, for each n e N, there is /„ e S(X*) such that „ = Then for every n e N, 

(a;n,/n) e n(X) and e^(x„)/„(efc) = for 1 ^ A; < n. 

Since X is reflexive, every bounded sequence in X x X* has a weakly convergent subsequence. Hence 
there is a strictly increasing sequence {nm}meN of positive integers such that {x„^}meN converges weakly 
to X e X and {fnm}meN converges weakly to / e X* . Since B{X) is weakly closed in X and B{X*) is 
weakly closed in X* , we have ||x|| ^ 1 and ||/|| ^ 1. According to the above display, for every A; e N, 
^ki^nrn) frimi^k) = CLk for all sufficiently large m. Hence, 

el{x)f{ek) = lim el{xnj) fn^{ek) = ak for each A; e N. 

m— »oo 

It follows that 

^00 N 00 00 

/(^) = /( S el{x)ek) = S el{x)f{ek) = I] = 1. 

^fc=l ^ k=l k=l 

Since f{x) = 1, ||x|| ^ 1 and ||/|| ^ 1, (x, /) e Il[X). Thus (x,/) satisfies all desired conditions. □ 



Assume that T e L{X) satisfies (|1.23I 3). That is, there exists A e C be such that |A| ^ 1 and 
T — A/ is a semi-Predholm operator of positive index. Since the index is locahy constant, T — z/ is a 
semi-Fredholm operator of positive index for every z e A + eB for a sufficiently small e. Since every 
semi-Fredholm operator of positive index is non-injective, z + eB Q (Tp(T). Since |A| ^1, there is r > 1 
such that J = (A + eB) n (rT) ^ 0. Then J is a non-trivial open arc of the circle rT. By Prop osit ion 1 1 . 1 6} 
we can find z,w e J a <^p{T) such that {z" + : n e Z+} is dense in C. Thus (jl.lOl l) is satisfied and 
therefore T e SNH{X) by Theorem 11.101 Hence (11.231 3) implies the strong numeric hypercyclicity of T. 

Assume now that T e L{X) satisfies ()1.231 4). That is, X be reflexive and there exists A e C such 
that |A| ^ 1 and T — A/ is a semi-Frdholm operator of negative index. It is well-known and easy to see 
that if X is reflexive and R e L{X), then R is semi-Fredholm if and only if R* is semi-Fredholm and 
i{R*) = —\{R). Thus r* — A/ is a semi-Fredholm operator of positive index. By the previous part of 
the proof, T* e SNH{X*). By Proposition 11.61 T e SNH(X). Thus (11.231 4) implies the strong numeric 
hypercyclicity of T. 

Assume that T e L(X) satisfies (11.231 1). That is, X is reflexive and there is a Schauder basic sequence 
{cnlnsN in X such that Ten = ^n^n with A„ e C for each n e N and for some c e ^+(N), 

f CO ^ 

^ X; Cj A^ : /c e Z+ ^ is dense in C. (8.1) 

00 

Without loss of generality, we may assume that ^ c„ = 1. Let Y be the closed linear span of the 

n=l 

sequence {en}nen- By Lemma EU there is [x,g) e liiY) such that e*(x)g((e„) = c„ for every n e Z_|_, 
where e* e Y* are the coordinate functionals for the Schauder basis {enjnsN- By the Hahn-Banach 
Theorem, there is / e X* such that f\y = g and (x, /) e Il{X). Then 

^ GO X 00 00 

/(T*^x) = g{T^x) =5(2 A^e*(x)e„) = 2] A^e*(x)5(e„) = 2 c^A^^ for each k e Z+. 

n—l n=l 71=1 

By (|8.1|) . 0(T,x,f) is dense in C and T e NH[X). Since every operator similar to T satisfies the same 
conditions, T e SNH{X). Thus (|1.231 1) implies the strong numeric hypercyclicity of T. 

Finally, assume that T e L[X) satisfies (jl.231 2). That is, X is reflexive and there is a Schauder 
basic sequence {en}neN in ^ such that Ten = ^n^n where A„ e C are such that |Ai| > 1, the sequence 
(l-^nllneN is (maybe non-strictly) increasing and the numbers are pairwise distinct elements of T. 
Passing to a subsequence, if necessary, we can assume that either {|An|}neN is strictly increasing or that 
{|An|}neN is Constant. If {|An|}ngN is strictly increasing, Corollarv 13.121 provides c e ^+(N) satisfying (jS.ip . 
If |A„| = r > 1 for every n e N, by Lemma 13.101 there is c e ^+(N) for which (18. ip holds. In any case 
(|1.231 1) is satisfied and therefore T e SNH{X). Thus (|1. 231 21 implies the strong numeric hypercyclicity 
of T. This completes the proof of Theorem 11.231 

9 Proof of Theorem [T:29] 

Lemma 9.1. Let [x ^ f) e Tl{X) . Then for every y e S {X) n'ker f , there exists g e X* such that g{x) = 0, 
g{y) = 1 and \\g\\ ^ 2. 

Proof. Let E = span{x,y}. Since /(x) = 1 and f{y) = 0, x and y are linearly independent and therefore 
form a basis in E. Consider 93 e E* defined by (p{x) = and ip{y) = 1. Then u = f{u)x + (p{u)y for 
every ue E. Hence |v5(?i)| = 11^ — f{u)x\\ ^ -I- = 2||?i||. That is, \\ip\\ ^ 2. By the Hahn-Banach 

Theorem, there is 5 e X* such that \\g\\ ^ 2 and g\^ = ip. Obviously, g satisfies all desired conditions. □ 

Lemma 9.2. Let T e L(X) be such that T[X) is non-closed in X and e > 0. Then there is a 2- 
dimensional subspace E of X such that \\T\^\\l(^e,x) < ^• 

Proof. Since T[X) is non-closed, inf{||rx|| : x e S{X)} = 0. Hence we can pick x e S{X) for which 
||Tx|| < |. By the Hahn-Banach theorem there is / e X* such that (x,/) e n(X). Next, observe that 



inf{||rx|| : X e S{X) n ker /} = 0. Indeed, otherwise T(ker /) is closed in X and is a subspace of T{X) of 
codimension at most 1. Since a subspace of a Banach space with a finite co dimensional closed subspace 
is closed itself, that would have implied that T{X) is closed. 

Thus inf{||Tx|l : x e S{X) n ker/} = and therefore we can choose y e S{X) n ker / such that 
||Ty|| < |. By Lemma 19.11 there is g e X* such that ||<^|| ^ 2, g{x) = and g{y) = 1. Clearly 
E = span{x,y} is a 2-dimensional subspace of X. Moreover, for each u e B{E), 

\\Tu\\ = \\f{u)Tx + g{u)Ty\\ ^ \\f\\ \\Tx\\ + \\g\\ \\Ty\\ < | + 2| = f . 

Hence \\T\Jl{e,x) ^ f < ^ 

Lemma 9.3. Let T e L{X), E he a 2-dimensional subspace of X and S : E ^ X be a linear map. Then 
there is R e L{X) such that = S and ||T — R\ ^ 3||5 — T\^\^e^x)- 

Proof. Take any x e S{E). By the Hahn-Banach Theorem, there exists / 6 X* such that (x, /) e n(X). 
Pick y e S[E) such that f{y) = 0. By Lemma WT^ there is 5 6 X* such that H^H ^ 2, g{x) = and 
g{y) = 1. Now we define R e L[X) be the formula Ru = Tu + f{u){Sx — Tx) + g{u){Sy — Ty). It is 
straightforward to see that Rx = Sx and Ry = Sy. Since {x, y} is a basis in E, R\^ = S. Next, for every 
u e X, using the relations ||x|| = ||y|| = ||/|| = 1 and H^H ^ 2, we have 

||(T - R)u\\ = \\f{u){T - S)x + g{u){T ~ S)y\\ ^ 3||n|| ■ \\S - T\jLiE,x)- 

Hence ||r — ^ (i\\S — T\^\\i^(^e x)- ^ 

Lemma 9.4. Let E be a 2-dimensional Banach space and T e L{E) be such that cr(T) = {s,t} and 
\s\ = \t\ ^ 1. Then there is a sequence {Tn}neN in SNH{E) such that \\Tn — T\\ 0. 

Proof. Since \s\ = \t\ ^ 1, by Proposition II. 16^ we can choose two sequence {s„}nsN and {tnjnsN such 
that Sn ^ s, tn ^ t and {s^ + t'^ : k e Z+} is dense in C for every n e N. Since cr(T) = {s,t}, we 
can choose a linear basis {x,y} in E such that Tx = sx and Ty = ty + ax for some a e C. For each 
n e N consider r„ e L[X) given by T^x = SnX and Tny = tny + ax. Since Sn —>■ s and t„ —>■ t, we have 
||T„ — T\\ 0. On the other hand, o"(T„) = {sn,tn} for each n e N. By Theorem 11.13^ each T„ belongs 
to SNH{E). □ 

Since WNH{X) 2 NH{X) 2 SNH{X), we have (fL29l 3W (fL29l 2 W (fL29l l). Next, it is easy to 
see that the set Q{X) of T e L{X) satisfying (11.291 4) is operator norm open. Thus in order to verify 
that ([12914) implies ([L29l3), it suffices to show that 9.{X) n WNH{X) = 0. Let T e Vl{X). Then 
X = Y @ Z , where Y and Z are closed T-invariant subspaces, T^y ^ -^(^) ^^s the spectral radius < 1, 
Z has dimension n e Z+ and (t(T|^) = {zi, . . . , satisfies 1 ^ |zi| < ... < |2;„|. By Lemma 17.11 
T i WNH{X), which proves the implication ([r29l4)^([L29l3). 

It remains to verify that ()1.291 1) implies p. 291 4). In order to do this, it suffices to show that every 
T e L{X)\Vt{X) is in the operator norm closure of SNH{X). Let T e L{X)\n{X). The relation T ^ n{X) 
can happen for various reasons. 

Case 1: There is a 2-dimensional T-invariant subspace E oi X such for which (7(T|^) = {s,t} and 
\s\ = \t\ ^ 1. In this case, according to Lemma EU there is a sequence {5n}neN in SNH{E) such that 

— T|^|| 0. By Lemma [9^ there is a sequence {i?ri}neN in L{X) such that Rnl^ = Sn for each n e N 
and \\Rn — T\\ — > 0. Since the restriction of each i?„ to the invariant subspace E is strongly numerically 
hypercyclic. Proposition 11.61 implies that i?„ e SNH[X) for each n e N. Thus T is in the norm closure of 
SNH{X). 

Note that the situation of T having a normal eigenvalue A of multiplicity ^ 2 such that |A| ^ 1 falls 
into Case 1. The same happens if there are two distinct s,t e crp{T) such that |s| = \t\ ^ 1. This means 
that if Case 1 does not hold, we can pick A e (t(T) such that 

|A| ^ 1, A is not a normal eigenvalue of T and dimker (T — A/) ^ 1. 



We keep the notation A for such a spectral point for the rest of the proof. 



Case 2: (T — XI)[X) is non-closed in X. Let e > 0. By Lemma [221 we can pick a 2-dimensional 
subspace E oi X such that ||(r — AI)|^|| < |. According to Lemma 19.31 there is e L{X) such that 
= XIe and \\T — S\\ < ^. Now S falls under the jurisdiction of Case 1. Thus there is R e SNH{X) 
such that < |. Since ||T-i?|| ^ IIT-S*!] + ||5 - < ^ + | = e and e > is arbitrary, T belongs 

to the norm closure of SNH{X). 

Thus it remains to consider the case when (T — XI)(X) is closed in X. 

Case 3: ker (T — XI) is one-dimensional and (T — XI){X) = X. In this case T — A/ is a Fredholm 
operator of index 1. By Theorem [L23l T e SNH{X). 

Case 4: dim{X/{T — XI){X)) > dim (ker (T— A/)). In this case T — A/ is a semi- Fredholm operator 
of negative index. Since X is reflexive, Theorem 11.231 implies that T e SNH[X). 

If ker (T — XI) = {0} and (T — XI){X) = X, we have A ^ which is a contradiction. Finally, 

if dim (ker (T — XI)) = dim(X/(T — XI){X)) = 1, A is a normal eigenvalue of T, which is again a 
contradiction. This completes the proof of the implication 291 291 4) and that of Theorem 11. 291 



10 Proof of Theorem [1:26] 

Lemma 10.1. Let T be a bounded normal operator on a Hilbert space H. Assume also that there exists 
a sequence {zn}neN in (y{T) such that 1 < |zi| < \z2\ < . . . Then T e WNII{X) . 

Proof. Let = | min{|z;fc| — l^^^il, l^^fc+il ~ \ ^k\} for /c 6 N, where we assume zq = 1. For each /c e N pick 
a continuous function (pk : C ^ [0, 1] such that (pk{zk) = 1 and ^pk vanishes outside the disk Zk + r^D. 
The functional calculus for normal operators allows us to consider the operators ipk{T). Since z^ e (^{T) 
and ifkizk) ¥= 0, PkiT) i= for every A; e N. Thus we can pick Xk e S^H) npkiT){T-l). The latter inclusion 
and the fact that ipk vanishes outside the disk Zk + r^D implies that {\zk\ — rk)^ ^ ||T"xfe|| ^ i\zk\ + fk)^ 
for every /c e N and every n e Z+. These estimates together with the inequalities l^il — ri > 1 and 

llT^a^ II 

kfe+il ~ fk+i > \zk\ + for A; e N imply that ||T"xi|| — > oo and — > oo as n — > oo. By 
CoToWaiyWM T ^ WNH{X). ' □ 

Lemma 10.2. Let T be a normal operator on Hilbert space H such that the set { — \z\ : z e (t(T)} is 
well-ordered and for every r > 1, the set (t{T) n rT has at most one element. Then for each x e 7i and 
f e n*, either {/(r"x) : n e Z+} is bounded or |/(T"x)| ao. In particular, T ^ WNH{H). 

Proof. Since every well-ordered subset of M is countable, M = [z e cj(T) : \z\ > 1} is (finite or) countable. 
By the Spectral Theorem, T is unitarily equivalent to the orthogonal direct sum of a normal contraction 
and a diagonal (with respect to an orthonormal basis) operator with only elements of M on the diagonal. 
Taking this into account, we see that for each / e Ti* and x e H, 

/(T"x) = bn+ ^ att"", where a e i\M) and b e ^"(Z+). (10.1) 

teM 

If a = 0, then {/(T^x) : n e Z+} = {6 „ : n G Z_|_} is bounded. Assume now that a 7^ 0. Since 
{ — \z\ : z e ct(T)} is well-ordered, there is c = max{|t| : t e M, at 0}. Since a{T) n cT is a singleton, 
there is the unique t^ e M satisfying |to| = c. Then 



|/(r"x)| = latjc- 



2 



att" 



n ' / 1 ^ 4-71 

*o ° teM, |t|<c '° ° 



|a((, |c"(l -I- 0(1)) asn^oo. 



Since c> 1, |/(r"x)| ^ 00. □ 

Lemma 10.3. Let T be a normal operator on Hilbert space H such that there is Qj S6QUCTICC {Aj^It^gN 
cr(T) such that 1 < |Ai| < IA2I < . . . and the numbers are pairwise distinct. Then T e NH{T-L). 



Proof. By the Spectral Theorem we can assume that T-L = L'^{fi), where ($7, J-", /i) is a measure space and 
= gf for f e Ti, where g e L°°{fj,). Then the spectrum of T is exactly the essential range of g. By 
Lemma I3.1H we can pick a non-negative real valued function a e L^{ii) for which 

the set I J g^ad^ : k E Z+| is dense in C. 

Without loss of generality, we may assume that a is normalized to satisfy ||a||i = 1. Then x = ^/a e S{T-L) 
and {T"x,x) = ^^g^adfi for every n e Z+. Thus NO{T,x) is dense in C and therefore T e NH{'H). □ 

Now we are ready to prove Theorem 11.261 Let be a Hilbert space, T e L{T-L) and /c e N be such 
that is normal. First, assume that there is a sequence {An}nsN in (^{T) such that 1 < | Ai| < | A2I < • • •• 
Then {A^j^GN is a sequence in a{T^) satisfying 1 < |Aj| < [AH < . . .. Since T'^ is normal. Lemma [10.11 
yields the weak numeric hypercyclicity of T'^. Then T is weakly numerically hypercyclic, which completes 
the proof of (fT^ l). 

Next, assume that there is a sequence {A„}„gN in (^{T) such that 1 < |Ai| < IA2I < ... and the 
numbers |^ are pairwise distinct. Then {A^}„gN is a sequence in a{T^) satisfying 1 < | Aj^l < | A^ | < • • • 

and the set { : n e N} is infinite. Then there is a strictly increasing sequence {rij] of positive integers 

such that the numbers are pairwise distinct. Since is normal, Lemma 110.31 implies that is 

numerically hypercyclic. Hence T is numerically hypercyclic, which completes the proof of (jl.'26l 2). 

Now assume that is self-adjoint. Then T'^k is self-adjoint and non-negative definite. If { — \z\ : z e 
(7(T), \z\ > 1} is not well-ordered, we can pick a sequence {AnjneN in (7(T) such that 1 < |Ai| < IA2I < . . . 
By (f06l l). T e WNHiH). Assume now that {-\z\ : z e a{T), \z\ > 1} is well-ordered. Since 
a{T^'') d [0,00), { — \z\ : z e aiT"^^), \z\ > 1} is well-ordered and aiT"^^) n rT has at most one element for 
each r > 1. By Lemma [10.21 for every x e T-L and / e T-L*, 0{T'^^ ,x, f) is either bounded or nowhere dense 

in C. Now let xeTl and / e Ti* . Then 0{T,x,f) = \J 0{T^'' x, f). Hence 0{T,xJ) is the union 

of finitely many sets each of which is either bounded or nowhere dense. Thus 0(T,x,f) is not dense in 
C (the set of accumulation points of 0(T,x,f) is bounded). Then T ^ WNH{T-L), which completes the 
proof of ([061 31. 

Finally, assume that there exist r > 1 and a T-invariant subspace /C such that U = ^T^\ji^ £ ^{^) is a 
unitary operator with infinite spectrum. If <Jp{U) is infinite, then there are a sequence {zn\nen of pairwise 
distinct elements of T and an orthonormal sequence {en}neH va. K, '^Ti such that T^en = Ucn = rZuCn 
for every re e N. Thus T'' satisfies UiLM A) and therefore T'' e SNH{Ti) cz NH{Ti) by Theorem (LTOl 
Hence T e NH(T-L). It remains to consider the case when (Jp{U) is finite. Since (t{U) is infinite, the 
Spectral Theorem tells us that the restriction of U to an appropriate invariant subspace /Cq is unitarily 
equivalent to the multiplication by the argument operator M e L{L'^{fi)), Mf{z) = zf{z), where /x is 
a Borel probability purely non-atomic measure on T. By Proposition 11.21 in order to prove that T is 
numerically hypercyclic, it suffices to verify that rM is numerically hypercyclic. By Lemma l3.13[ there 
is a e L\[^) such that ||a||i = 1 and the set O = {r'^ajl{n) : n e N} is dense in C Now it is easy to see 
that X = ^/a e S'(L^(/x)) and (M^Xjx) = ajl{n) for each re e Z. Hence NO{rM,x) = O is dense in C. 
Thus rM is numerically hypercyclic and therefore T is. This completes the proof of (jl.261 4) and that of 
Theorem 11.261 



11 Proof of Propositions 11.181 and 11.191 

Let T e L(C^). Pick w e T such that at least one of the eigenvalues of wT is real. By Theorem 11.131 
wT ^ WNH{C'^). This proves Proposition 11.181 The rest of this section is devoted to the proof of 
Proposition 11.19] which is more sophisticated. Denote 

M = \ {r,z,w) e xT xT : ° ) e NH{C^) 



By Theorem I1.13t we can rewrite the definition of Ai in the following equivalent way. 

= {(r,z,w) e (1,00) X T X T : {r"(z" + : ne Z+} is dense in C}. (11.1) 
Then the sets M[z,w) featuring in Proposition II. 191 can be written as 

M{z,w) = |r > 1 : (^^ ° ) e NH{C^)\ = {r > 1 : (r,z,w) e M} 



rw, 

= {r > 1 : {r"(z"' + w") : n e Z+} is dense in C} for z,w eT. 
If {^fcjfeGN is a base of the topology of C, then we can write 

CO 

M= f] (J {(r,z,u;)E(l,oo) xTxT:r"(z" + u;")eVfc}. 

fc,meNn=m 

This immediately implies that is a subset of (l,oo) x T x T and therefore each M{z,w) is a 
G^-subset of (1, go). 

Lemma 11.1. The set A4 is a dense Gg-subset 0/(1,03) x T x T. Furthermore, 

W = [{z , w) e T'^ : M{z,w) is dense in (l,oo)} is a dense Gs subset o/T^. 

Proof. By Proposition 11.161 for every r > 1, the set rT n A4 is dense in rT. Hence A4 is dense in 
(1, 00) X T X T. Let {rn : n e N} be a dense subset of (1, 00). By Proposition 11.161 the set Wn = {{z, w) e 
is a dense Gs subset of for every n e N. Hence f] Wn is a dense Gs subset of T^, 

being also a subset of W. Hence W is dense in T^. It remains to show that W is a Gs set. 
Let {Vk}keN is a base of the topology of C. It is easy to verify that 

00 

Aa,b,m,k = [j{{z,w)eT^ : (z" + i/;")[a, 6] n I4 ^ 0} 
is an open subset of whenever m,k e N and l<a<6<G0. It remains to notice that 

m,keN a,beQ, l<a<b 

to conclude that W is a Gs subset of T^. □ 

By Lemma 11.131 M{z,w) = ii z and w are not independent. Actually, the equality M{z,w) = is 
a rather typical occurrence. 

Lemma 11.2. The set \^[z,w) e : M[z,w) 7^ 0} has zero Lebesgue measure in T^. 

00 

Proof. Let be the normalized Lebesgue measure on T^. By (13. 4p . ^ fi{{z,w)eT'^ : \z^+w^\ ^ ^} < 00. 

n=l " 

Hence for almost all {z,w) e T^, Iz^ + zu"! > n^^ for all sufficiently large n and therefore r^\z^ + w^\ —>■ go 
for every r > 1. Hence M{z,w) = for almost all z,w e T^. □ 

On the other hand, it turns out that if M(z,w) is non-empty, then it is infinite. 

Lemma 11.3. Let z,w eT, re M{z,w) and k be an odd positive integer. Then r^/^ e M[z,w). 



Proof. In this proof, we shall use the symbol o,. for any sequence of complex numbers satisfying 

limsup ^ ^. Since r e M{z,w), the set {y„ : n e Z+} is dense in C, where y„ = r"'{z" + w"). Let 

^ = {n e N : n^^ ^ ^ n}. Then {y„ : n e ^} is dense in C. The inequality jz" + ^ nr^" for 
neA yields 



w 



Or and 



k-1 



Or as n ^ cc, n e A. 



Since k is odd and r"{z^^ + w^^) = r'^i^z'^ + w'^) ^ (— l)-^^-^"^!;^^ ^ the equality yn = r^{z'^' 



(11.2) 



and (|11.2p imply r"'(z 



W 



kn\ 



VnZ 



{k-l)n 



Or as n — > 00, n e ^4. Hence, 



j,n^2;'="' + w'^'^) = $(?/„) + o(l) as n ^ 00, n e ^, where $ : C\{0} C, <J'(x) 



Since $ is a homeomorphism of C\{0} onto itself and {y„ : n e j4} is dense in C, : n e A} is 

dense in C. Then by the above display, + w^^) : n e A} is dense in C. Hence the bigger set 



^n/k^^n 



W 



: n e Z+} is dense in C and therefore r^/'^' e M{z, w). 



□ 



Finally, we shall verify that M(z,w) can not coincide with (l,oo) by showing that each M{z,w) 
has zero Lebesgue measure. We need some preparation. Consider the function 5 : M ^ [0, 1], 6{x) = 
dist(x,2Z — 1). That is, 6{x) is the distance from x to the nearest odd integer. 



Lemma 11.4. Let 6 e IR\Q, 0<a<6<l and A = {n : a"^ ^ 6{n9) ^ b" 



Proof. For every g e N, let p{q) be the unique odd integer p such that 
Then < a{q) < | for each g e N. Consider the set 



< 



Then Y; i < oo. 

neA 



Denote a{q) 



p(g) 



B = \ q e'H : a{q) ^ ^ and g.c.d. {q,p{q)) = 1 



First, we shall show that 



2 i <oo. 



(11.3) 



qeB 



Assume that (jll.Sp fails. Then there are two strictly increasing sequences {(7j}jeN and {^"j}jeN in B such 
that qj < Vj for each j e N and ^ — > 1. Indeed, otherwise members of B written in the increasing order 



grow exponentially and (jll.3p follows. By definition of -B, we have 9 



rMi) 



p(rj) 



1/3,1 ^ ^ and |7,| ^ ^. In particular, ^ - ^ 



jj — (3j . It follows that 



Pi<ljyj-p{r-j)qj 



7j, where 



Hence \p{qj)rj —p{rj)qj\ ^ rjb'^^ +qjb'^^ < 2rjb'^^ since qj < rj. Since * ^ 1 and 6 < 1, we have rjb'^^ 
and therefore \p{qj)rj — p{rj)qj\ — > 0. Since the latter is a sequence of integers, p{qj)rj — p{rj)qj = for 
all sufficiently large j. In particular, there is j e N for which p{qj)rj = p{rj)qj. Since p{rj) and rj are 
relatively prime, rj must divide qj, which is not possible since rj > qj. This contradiction proves (jll.Sp . 

Now n e A if and only if there is an odd integer k such that a" ^ 8{n6) = \n6 — k\ ^ b"'. Let 
r = g.c.d. (n. A;). Then we can write n = rq and k = rp, where (7 e N, p is an odd integer and 



g.c.d. {q,p) = 1. Using this notation we can rewrite the last inequality as ^ ^ 



rq 



which 



happens if and only ii q e B, p = p{q) and ^ ^ a(g) ^ — . Thus, we have obtained the following 
description of the set A: 



A 



qr-.qeB, re 2n-l, a{q) ^ ^ 



Fix d > small enough in such a way that ^ ^ for every m e N. Then 

A^ A' = {qr -.qe B, r e N, d'^^ ^ a{q) ^ 6'"^} = {qr:qeB, r e N, p{q) ^ r ^ c/3(g)}. 



where /3(g) = ^"^^^^^-^ and c = Obviously, I3{q) > and c > 1. Estimating a monotonic sum by the 

corresponding integral, one easily sees that 

XI m ^ ^ + c for every (3 > and c > 1 . 

Using the above two displays and (111.3P , we obtain 

I]^^I]^=I]| S i^(l+logc)I]l<c». □ 

neA neA' geB rem g^B 

Corollary 11.5. Let z e T be of infinite order and A = {n e N : ca^ ^ |1 + ^ dlP), where 
< a < 6 < 1 and c,d>0. Then ^ ^ < cc. 

neA 

Proof. Since z has infinite order in T, z = e*'^^ with 9 e M\Q. Pick real numbers s, t such that < s < 
a < 6 < t < 1 and let A' = {n e N : ^ 5{n0) ^ t"}. It is an elementary exercise to see that A\A is 
finite. By Lemma lll.4l Xi « < ^'-^ therefore Xi n ^ ^'^^ '— ' 

neA' nevl 

Lemma 11.6. For every z,w eT, M{z,w) has Lebesgue measure 0. 

Proof. If w^^z has finite order in T, Theorem 11.131 implies that M[z,w) = 0. Thus we can assume that 
s = w^^z is of infinite order. If r e M{z,w), then the number r^l^" + w"! = r"|l + s"! belongs to [1,2] 
for infinitely many n e N. Let < a < 6 < 1. The last observation yields 

'X> CO 

M{z,w) n [h-\a-^] e Na,b = [] K^,a,b, where K^^a,b = {r e [b-\a-^] : 1 ^ r"|l + s"| ^ 2}. 

m=l n=m 

Let yl = {n e N : a" ^ |1 + s"| ^ 2 6"}. By Corollary [II31 X ^ < 0°- Note that Kn,a,b = ii n ^ A. 

neA 

On the other hand, if n e ^, then Kn^a,b is contained in the interval [|1 + s"!^-^/", 2-^/"|l + s"!^^/"], 

whose length is (2^/" — 1)|1 + s"|^V" ^ ^ ^ -L.. Thus, the Lebesgue measure jj, of the sets Kn,a,b is 

estimated as ^ 

fJ'{^n,a.b) = if n ^ A and n{Kn,a,b) ^ — if n ^ A. 

an 

According to the above two displays, for each m e N, 

oc 11 

niM{z, w) n a"^]) ^ V niKn,a,b) ^ - Y! >0 asm^oo. 

a n 

n—m neA 

Hence fi{M{z,w) n [b^^,a^^]) = whenever < a < 6 < 1. Thus fi{M{z,w)) = 0. □ 
Proposition 11.191 follows from Lemmas Ill.H 111.31 and lll.6[ 



12 Further comments and open questions 

The next proposition provides a peculiar collection of diagonal numerically hypercyclic operators on C^. 

Proposition 12.1. There is a diagonal T e SNH{C^) such that the restriction of T to each invariant 
2- dimensional subspace is not weakly numerically hypercyclic. 

Proof. Let 1 < r < i? and k,m be distinct integers. By Lemma 13.51 the set 

W = {{z,w) e t2 : + z*"") + r"^;" : n e Z+} is dense in C} 

is a dense Gs subset of T^. Pick (z, w) in W and consider the diagonal operator T on with the numbers 
Rz^, Rz"" and rw on the diagonal. Clearly, (fLTOl lI is satisfied for T. By Theorem [TTOl T e SNH{C^). 
On the other hand, the possible spectra of the restrictions of T to 2-dimensional invariant subspaces 
are {Rz'',Rz'^}, {Rz'',rw} and {Rz"" ,rw}. In any case, such a restriction is not weakly numerically 
hypercyclic according to Theorem 11.131 □ 



r> l—r 



As we have already observed, a self-adjoint operator is never numerically hypercyclic. Funnily enough 
a scalar multiple of a self-adjoint operator can turn out to be numerically hypercyclic. 

Proposition 12.2. Let T he a hounded self-adjoint operator on a Hilhert space % such that there exists 
a sequence {A„}neN in cr{T) satisfying 1 < Ai < — A2 < A3 < — A4 < . . . Then for any w e T of infinite 
order, wT e NH{n). 

Proof. Let Sk = |min{|Afc| — |Afc_i|, |Afc+i| — \\k\} for A; e N, where we assume Aq = 1. Using the 
spectral theorem, we can find an orthonormal sequence {xn}ne'H in T~i such that {T^Xn^Xn^ is always 
between (A„ — Sn)^ and (A^ + Sn)^ and (T^Xk,T^Xj) = provided k ^ j. Let E be the linear span of 
{xn : 71 e N} and /C be the closure of E in T-L. Fix y ^ E and t e C\{0}. Let k = max{j e N : {y,Xj) 7^ 
0}. Since \Xj\ + Sj < \Xj+i\ - Sj+i for each j, |<r"y,y>| cc and {T'^y,y) = o«r"xfc+i, as 
n — > 00. Furthermore, since Xj alternate signs, (T'^y,y} and (T^x^+i, x^+i} have opposite signs for every 
sufficiently large odd positive integer n. Hence the numbers /Jn}'^ ^'^^ \ are positive for sufficiently 
large odd n and form a convergent to sequence. That is, for each sufficiently large odd n, we can find 
En > such that = (T^ock" i^xf+i) ' furthermore. En 0. The last equality can be easily rewritten as 
(T'^[y + enXk+i),y + EnXk+i) = \t\. Since w has infinite order, we can find a strictly increasing sequence 
{n'j}jeN of odd positive integers such that w"-^ |||. Then yj y and tj = (^{wT)^iyj,yj) — > t, where 
yj = y + SrijXk+i- Thus {y,t) is in the closure of the set 

A = {{y,({wTry,y}):ye}C, n e N}. 

Since E is dense in /C and y ^ E and t e C\{0} are arbitrary, A is dense in /C x C. By Theorem U, there 
is y e /C such that {(^{wT)'"'y,y'y : n e N} is dense in C. Hence wT e NH(T-L). □ 

The normal operator T in the following example is strongly numerically hypercyclic, while even its 
weak numeric hypercyclicity does not follow from Theorem ll.261 The example illustrates the limitations 
of Theorem 11.261 

Example 12.3. Let {r„}neN be a strictly decreasing sequence in (l,oo) and A = {1,2,3,4,5}. Then 

there exists a sequence {aj^n}{j,n)eAxN of finite order elements ofT such that the diagonal operator T on 
l'^{A X N) with the numbers rnOj^n on the diagonal is strongly numerically hypercyclic. 

Proof. Let e,d > he the numbers furnished by Lemma 13.91 For each n e N, let U„ be the only cyclic 
subgroup of T of order n: Un = e T : z" = 1}. Clearly, C/„ is a ^-net in T. Hence there is no e N 
such that for each n ^ ng, we can find oi, . . . , 05 e U„ for which (ai, . . . ,a^,af, . . . , a|) e P^, where is 
the set defined in (j3.5p . Fix a sequence {zn}neN such that {zn : n e N} is dense in C and \zn\ < dn for 
every n e N. Using the induction with respect to n, we shall construct the sequences {aj^n}{j,n)eAx^ in ^1 
{cj,n}(j»eylxN of positive numbers, {kn}nm of positive integers and {pnjneN of prime numbers such that 

(Al) aj- „ e Up„ for 1 ^ j ^ 5; 

(A2) i c,^na% = ^, i c,^,af- = and |] c,-„ = ^; 

(A3) Pq divides kn — 2kq for 1 ^ q < n; 
(A4) pn > Pn-i and rt^^"-^ > n2" if n ^ 2. 

The basis of the induction. Pick an arbitrary prime number pi such that pi ^ no- Then we 
can choose 61^1, . . . , 65^1 e Upj such that (61,1, . . . , 65,1, 6f . . . , 65 j^) e Pg. Since ri > 1, there is /ci e N 
such that pi does not divide ki and r^^''- < 1. Since zi e dO, Lemma 13.91 provides positive numbers 

55 5 

ti,i, ■ ■ ■ 1^5,1 such that X = X ^ *-* Xi ^ 1- Since bj^i e Upj, pi does not divide 

ki and pi is prime, there are ai^i, . . . ,05^1 e Up^ such that = bj^i for 1 ^ j ^ 5. Set Cj^i = for 

1 ^ j ^ 5. Now it is straightforward to see that (Al) and (A2) with n = 1 are satisfied. Conditions (A3) 
and (A4) with n = 1 are satisfied in a trivial manner. Thus we have our basis of induction. 



n o 



The induction step. Let n ^ 2 and assume that aj^q, Cj^q, Pq and kg with q < n satisfying (A1-A4) 
are already constructed. First, we choose an arbitrary prime number p„ > Pn-i- Since Pn > Pi ^ ^q, 
we can pick 6i,„, . . . , 65,^ e Up„ such that (6i,„, . . . , 65_„, 6f „, . . . , 65 „) e P^. Since r„ > 1 and pi,...,pn 
are pairwise distinct primes, the Chinese Remainder Theorem allows us to choose A;„ e N such that 
^ > n2"', p„ does not divide fc„ andpg divides kn — 2kq for 1 ^ g ^ n—1. Since ^ e dO, Lemma [3?9l 



n 



5 5 5 

provides positive numbers . . . ,t5^„ such that ^ tj^nbj^n = if 1 Xi tj,nb'jn ^ ^ and ^ t^^^ = 1- Since 



bj n e Up„, p„ does not divide kn and p„ is prime, there are ai^„, . . . , a^^n £ such that a^"^ = bj^n for 

1 ^ J ^ 5. Set Cj_„ = ^^T^ for 1 ^ j ^ 5. Now it is straightforward to see that (A1-A4) are satisfied. 

This completes the construction of the sequences {«j,n}(j,n)eAxN! {cj,n}(j>)eAxN) {^njnsN and {p„}„eN 
satisfying (A1-A4). 

5 

For (j, n) e A X N, set Aj,„ = r„aj^„. Since Xi Cj,n = and r^" ^ n2", we have c e x N). For 

i=i ' 

each m e N, we can write 

5 

(j,n)eylxN nsN j = l 

First, note that by (A2), 

5 



Since for n < m, pn divides km — '2kn and a -"^ = 1, (A2) yields 



5 5 



ni = r^' 



i=i i=i 



Finally, if n > m, using (A4) and (A2), we obtain 

5 5 fc. 



I Oin.m, I — 



2 ^ r^ 2 c,,n = ^ ^ ^ If n > m. (12.4) 



■j = l j = l T'n 



Combining (fTXTHn^ . we get 



(j,n)eAxN 



2*^ 

n—m+1 n—m+l 



Since : m e N} is dense in C, the above display implies that \ ^ '^j,n^j n : ^ e N i is dense in C. 

Thus the diagonal operator T e L{£'^{A x N)) with the numbers Xj^n on the diagonal satisfies ()1. 231 11. 
By Theorem 11.231 T is strongly numerically hypercyclic. □ 

Let V be the Volterra operator on L^[0,1]. Exactly as in Example 11.211 we can show that re^^ e 
WNH{L'^[0, 1]) for every r > 1. Unexpectedly enough it turns out that these operators are not numeri- 
cally hypercyclic. 

Example 12.4. Let r > 1 and T = re^^ , where V e L(L^[0, 1]) is the Volterra operator. Then 
NH{L'^[0, 1]). 

Proof. The key element of the proof is the following claim: 

||I -e~^^ II ^ 1 for every ceM+. (12.5) 



We shall derive this estimate from the following observation: 

for every / e L^[0, 1], the function Ff:R+ ~> M+, F/(c) = ||(/ - e"^^)/|| is increasing. (12.6) 

First, we shall verify (jl2.6p . Obviously, it is enough to show that Gf = Fj is increasing. Differentiating 
by c the expression G/(c) = <(/ - e^'^^)/, (/ - e"'^^)/), we get G'j{c) = {VgcQc) + {gc,Vgc), where 
gc = {I — e^^^)f. Hence Gj(c) = (Pgc, 5c), where P = V + V* and V* is the Hilbert space adjoint of V. 
It is easy to see that P is the orthogonal projection onto the one-dimensional space of constant functions. 
Then the self-adjoint operator P is non-negative definite and G'f{c) = {Pgc,gc) ^ for every c e M+. 
Hence Gj is increasing and (jl2.6p follows. 

Now we shall prove (jl2.5p . Assume the contrary. Then there is a > such that ||/ — e^^^^H > 1. 
Then there is / e S{L'^[0, 1]) such that - e-''^)/|| = Ff{a) > 1. By (fTXej) . lim F/(c) > 1. On the 

other hand, in [13] it is shown that ||(/ — V)^g\\ — > for each g e L'^[0, 1]. According to the main result 
of [5] the operators I — V and e^^ are similar. Hence lle""'^^!! for each g e L^[0, 1]. In particular, 
||g-nyj|| Q Hence Ff{n) — > 1, which contradicts the inequality lim Ff{c) > 1. This contradiction 

completes the proof of (jl2.5p . 

Now let r > 1 and T = re~^ . Then for each / e 5'(L^[0, 1]), using (|12.5p . we have 

Re<r"/,/> = l^<(e-«^ + e-"^*)/,/> = lJ(2-<((/-e-"^) + (J-e-^^*))/, /» ^ r"(l- l|I-e-"^||) ^ 0. 

Hence NO(T,f) is contained in the right half-plane and therefore can not be dense in C. Thus T ^ 
NH{L'^[0,1]). □ 

At the expense of a number of technical details entering the proof, one can similarly show that 
r(/ — cV) is weakly numerically hypercyclic and not numerically hypercyclic whenever r > 1 and c > 0. 
We shall raise a number of natural questions. 

Question 12.5. Let T e WNH{C"'). Is it true that at least one of the conditions (|1.91 1- [L9l 4l is satisfied! 

Question 12.6. Assume that X is reflexive, T e L{X) is not power bounded and (Jp{T) = 0. Is it true 
that T is weakly numerically hypercyclic? 

Question 12.7. Let T e WNH{X). Is it true that T" e WNH{X) for every n e N? 
Question 12.8. Let T e WNH{X). Is it true that rT e WNH{X) for every r ^ 17 

Question 12.9. Let T be a unitary operator such that (t{T) is infinite and (Tp{T) = 0. Is rT strongly 
numerically hypercyclic for each r > 1? 

Question 12.10. Let T e L{X) and Ai,A2 e C are such that ker (T - Xjlf ^ ker (T - Xjl) for 
j e {1,2}, |Ai| = IA2I ^ 1 and are independent in T. Is it true that T must be strongly 

numerically hypercyclic? 

Question 12.11. Characterize normal numerically hypercyclic operators in terms of their spectrum. 

Question 12.12. Characterize numerically hypercyclic operators on L^[0, 1] commuting with the Volterra 
operator V. In particular, is I + V numerically hypercyclic? 

The last question is in the spirit of the Invariant Subspace Problem and probably is tough. 

Question 12.13. Is there T e L{f{n)) such that NO{T,x) is dense in C for each x e ^(^^(N))? 
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